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Abstract 



Narasimhan and Ramadas showed in that the Gribov ambiguity was max- 
imal for the product SU(2) bundle over S 3 . Specifically they showed that the 
holonomy group of the Coulomb connection is dense in the gauge group. Instead 
of base manifold S 3 , we consider here a base manifold with a boundary. In this 
with-boundary case we must include boundary conditions on the connection 
forms. We will use the so-called conductor boundary conditions on connections. 
With these boundary conditions, we will first show that the space of connec- 
tions is a C°° Hilbert principal bundle with respect to the associated conductor 
gauge group. We will consider the holonomy of the Coulomb connection for this 
bundle. If the base manifold is an open subset of M 3 and we use the product 
principal bundle, we will show that the holonomy group is again a dense subset 
of the gauge group. 
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Chapter 1 

Introduction 



1.1 Some Background to Yang-Mills Theory 

This thesis is concerned with classical Yang-Mills theory. Our first task is to 
understand the very basics of this theory. Physically, Yang-Mills theory models 
the strong nuclear force in the same way that Maxwell's equations model elec- 
tromagnetic force. To understand the mathematics, we will need to impose a lot 
of structure. In this introduction, however, we will try to minimize the mathe- 
matical structure to get to the main idea, and refer the reader to Section 2 of 
|2] for the rigorous definitions. Later we will carefully lay out the mathematics 
that we need. 

Two basic concepts we will need are the Yang-Mills equation and the group 
of gauge transformations. 



Consider the following situation: Let M be a compact oriented 3-dimensional 
manifold, and let P — > M be a principal bundle over M with compact connected 
structure group K. Furthermore, assume that K acts faithfully on a finite 
dimensional real (or complex) inner product space by isometries. Thus we may 
view K as a compact matrix subgroup of U(V), and therefore the structure of 
P induces a vector bundle E := P x /<- V — ► M where V = R n or C n for some n. 

Given an Ehresmann connection lua on the principal bundle P, we obtain a 
Koszul connection on the bundle E whose curvature form Ra is a vector- 
valued two-form on M. The functional 



is well-defined for a certain norm. Any connection that is a local minimum of 
the functional yM. is called a Yang-Mills connection. One can show that is 
a Yang-Mills connection if and only if o]* a Ra = 0. The equation 



1.1.1 The Yang-Mills Equation 




(1.1) 



d\R A = 
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is called the Yang-Mills equation. 

The Yang-Mills equation has a similar structure to Maxwell's equations. The 
Bianchi identity is that (IaRa = 0, so the Yang-Mills "equations" are 

oI a Ra = 0, d* A R A = 0. 

One can formulate Maxwell's equations in such a way that solving Maxwell's 
equations in the absence of a current is equivalent to finding a real- valued 2-form 
rj on Minkowski space R such that 

dr] = 0, d*7] = 0. 

(For more on this construction, see the appendix to Chapter 2 and 10.2.8 in 
0). What makes solving the Yang-Mills equations difficult is the fact that the 
exterior derivative cIa depends on the connection V^, and when written in local 
coordinates, this introduces a non-linear term of degree 3. In Maxwell's equa- 
tions, the exterior derivative d is independent of the form 77, and the equations 
are linear. 

1.1.2 The Gauge Group 

There is a group Q, called the gauge group, that acts on the set of connections 
and preserves the functional yA4. So if Wa is a Yang-Mills connection and 
g £ G, then V a • 9 is also a Yang-Mills connection. 

The gauge group is fairly complicated to define in the general case, so here 
we will consider it locally. Consider the principal bundle P — Ox K O, where 
O is an open subset of M 3 with smooth boundary, and K is a compact matrix 
group. Then we have the associated vector bundle E — O x V — > O, where 
V = R™ or C™, depending on whether the matrix group is real or complex. 
A gauge transformation g is a mapping g : O — > K and the set Q of gauge 
transformations is the gauge group. Given a section a of E and g £ Q, we get a 
new section g ■ a by 

(g ■ a)(x) = g(x)a(x). 

Given this left action on sections, we can get a right action on a connection V A 
on the bundle E. Indeed, we define the connection V A • g as 

(V A -g)x<T = 9- 1 -Vi(g-a) 

for any vector X £ T(0). It turns out that this action preserves connections 
that originally came from Ehresmann connections on the bundle P. So if C is 
the space of connections on P, Q acts on the right of C. Also, one can now check 
that if the connection Va satisfies the Yang-Mills equation, then so does • g. 

Thus, a natural object to consider is the quotient space C/Q, where C is the 
set of connections. With some required modifications, the mapping C — > C/Q 
is an infinite dimensional principal bundle when M is a compact 3-manifold 
without boundary. This bundle has been studied extensively in this case. This 
thesis focuses on understanding this bundle when the underlying manifold M 
has boundary. 
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1.2 Conductor Boundary Conditions 



We will be concerned with boundary conditions on p-forms that have been 
dubbed conductor boundary conditions by Gross in jo]. We say a form u> satisfies 
conductor boundary conditions if i*(ui) — where i : dM — > M is the inclusion 
map. In other words u{X\ A ... A X p ) = if X\, . . . , X p are all tangent to the 
boundary. This is half of the "relative" boundary conditions given by Ray and 
Singer in and the boundary conditions of the "Dirichlct problem" of Marini 
in 

We can extend the notion of conductor boundary conditions to connections. 
Given an Ehresmann connection oja on P, we consider the induced Koszul 
connection Va on the vector bundle E. Given a fixed connection Aq on P, we 
say that a connection Va satisfies conductor boundary condtions with respect to 
Va if the 1-form Va — Va satisfies conductor boundary conditions. Such a 
Va equals Va on the boundary in tangential directions, giving us a Dirichlet- 
like boundary condition (hence the terminology found in If we restrict our 

view to connections satisfying conductor boundary conditions with respect to 
a fixed Aq, we must change the gauge group so that it preserves the boundary 
conditions. A gauge transformation g G Q is a section of certain bundle over 
M with fibers diffeomorphic to K. The conductor gauge group Q con consists of 
those gauge transformations g such that g\dM = e, where e is the identity of K. 
Note that the definition of Qcon does not depend on the fixed connection Va - 

1.3 The Gribov Ambiguity and Holonomy of the 
Coulomb Connection 

The Gribov ambiguity comes up in the following setting, whose description is 
taken from [20 : . Physicists would like to compute a certain integral over C of 
the form 

j c e~\ R *\ 2 {}VA 
j c e-\ R *\ 2 VA ' 

This integral comes from the Feynman approach to quantum field theory. The 
problem with this integral is that the integrand in the numerator is constant 
on ^/-orbits while the orbits are expected to have infinite measure. Morally, the 
integral should be taken over C/Q and not C. So physicists do the following: 
instead of integrating over all of C, take a continuous section a : C/Q — > C 
and integrate over a(C/Q), with an appropriate Jacobian weight factor from the 
change of variables. They had a specific section in mind: The infinite dimen- 
sional principal bundle C — > C/Q has its own connection called the Coulomb 
connection with its horizontal subspaces given by 

Ha = {t : r is a t-valued 1-form, d* A T = 0}. 

We can define Sa = {A + r : r 6 Ha} C C. The physicists conjectured the 
following: 



4 



Conjecture 1. Fix a connection Va G C. Then for every Va' G C, there exists 
a unique g G Q such that Va' • g G Sa- 

We will see that locally this is true, meaning that given a small enough open 
set O C C about Va, for every Va' G there exists a unique g G Q such that 
Va' G Sa- However, Gribov showed in El 1 

Theorem 2 (The Gribov Ambiguity). Suppose M = S 4 , P = S A xSU(2) -> 
S* 4 , and i/ie Va is fie /Zai connection (i.e. the Ehresmann connection whose 
horizontal subspaces are the tangent space to S A in P). In particular, there 
exists a connection Va' 7^ Va in the Q-orbit of Va such that Va' G Sa- 

The "ambiguity" here is that given an Vaj there might be multiple connec- 
tions Va' and Va" that are gauge equivalent to Va and are both in Sa- Hence, 
Va's "representative" in Sa is ambiguous. 

Note that if Conjecturenwere true, then the bundle C would be isomorphic 
to Q x Sa, and thus be a trivial bundle. So, more generally, one can ask if if the 
bundle C is trivial, or equivalently ask if it allows any sections. Both |16) and 
HOI show that 

Theorem 3 (Generalized Gribov Ambiguity). // M = S 3 or S 4 , and 

P = M x SU(2) — > M , then no continuous section a :C/Q — > C exists. 2 

The "ambiguity" here is that you cannot continuously choose a represen- 
tative of each equivalence class of C/Q. Hence, the physicists' idea of using a 
continuous section is mathematically impossible. 

Narasimhan and Ramadas took the Gribov ambiguity a bit further for M — 
5 3 in the following sense. Given two connections Va,V_b G C, they ask: how 
many points in the C/-orbit of Vb can be connected to Va via horizontal paths 
with respect to the Coulomb connection? The more points in the orbit can be 
connected by horizontal paths, the more "ambiguous" the Coulomb connection 
is. The number of points that can be connected is the same as the number of 
elements in the holonomy group at Va of the Coulomb connection, and thus this 
holonomy group becomes the main object of study. Narasimhan and Ramadas 
show in that if a certain metric is put on S 3 and the principal bundle 
considered is the product bundle S 3 x SU(2) — * 5 13 , then the holonomy group 
is dense in the connected component of the identity of Q. So they say that 
the ambiguity is maximal. This also has some ramifications to physicists as is 
described in the introduction to |16| . 

In this thesis, we address the question whether this maximal ambiguity holds 
if the base manifold is compact and with boundary (unlike S 3 ) and K is any 
compact semisimple matrix group. 

1 This is Singer's formulation of Gribov's result as found in 120) . 
2 Only outlines the proof of the M = S 4 case. 



5 



1.4 Summary of Results 



The aim of this thesis is to investigate the Gribov ambiguity when the base 
manifold M is a compact 3-manifold with boundary, and the connections under 
consideration satisfy conductor boundary conditions with respect to a fixed 
connection Va - We first need to prove that the corresponding bundle C — > C/Q 
is a C°° principal bundle. To this end, we will be using connection forms and 
gauge transformations of Sobolev classes k and k + 1 and denote them C^ on A 
and Gcon, respectively. Using standard techniques employed in P, ^5] and 
|18| . we will prove in Chapter [21 that 

Proposition 4. Suppose M is a compact 3-manifold with boundary, P — ► M 
is a principal bundle with a compact structure group K, and k > 3/2 + 1. 
ThenC h con;A jg^ is a C°° Hilbert manifold, and C k con>A(j -» C^JQ^ is a 
principal bundle. 

With this proposition, it now makes sense to consider the holonomy group 
H„„„ a of the Coulomb connection. The infinite dimensional version of the 
Ambrose Singer theorem (see ^21 f° r the statement of this theorem) tells us 
that Lie(H^ onAo ) is generated by the image of the curvature form at certain 
points of the bundle. Narasimhan and Ramadas use a similar but weaker fact 
to show that the holonomy group is dense in the connected component of the 
gauge group; indeed, they show that for a particular point uj € C, the span of 
the image of the curvature of the Coulomb connection at u> is dense in the Lie 
algebra of the gauge group. This leads directly to their result. However, in 
Chapter 3 we prove that in our case the image of the curvature cannot be dense 
in the Lie algebra of the gauge group: 

Lemma 5. Let M be a compact 3-manifold with boundary and let be a 
connection of Sobolev class k for k > 3/2 + 1 that satisfies conductor boundary 
conditions. Define a set Ca as 

Ca = Span{i? J 4(a, 0) : a, [3 £ Ha}- 

There exists a bounded nonzero operator T A ■ Lie((?^j ) — > £ 2 (£p|i9m) such that 
C A Qkev(T A ). 

Hence, the image of the curvature form at any fixed point does not linearly 
generate the entire Lie algebra of Gcon ■ 

We next specialize to the case where our principal bundle is the trivial bundle 
P = O x K — > O, where O C R 3 is an open subset with a smooth boundary. 
In this case, we can consider the flat connection. Again, this is the Ehresmann 
connection whose horizontal subspaces are tangent to O in P. We denote the 
corresponding Koszul connection on O x V — > O as Vo or simply d. We then 
can show that the converse of the previous lemma holds for smooth functions if 
V A = V . 

Lemma 6. Suppose we restricted the map Tq above to smooth sections. Then 
ker(T |t7~) =£onC°°. 
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We next consider the Lie algebra that Cq generates. 

Lemma 7. Let g G C°°(dM). Then there exists f £ [£ n C°° , C Q D C°°] such 
that T (f) = g. 

Using basic linear algebra and an argument of |16j . we prove 

Theorem 8. Let f e Lie(^+ l 1 ) n C°° . Then f is in the Lie algebra generated 
by Co . Hence, A is dense in the connected component of the identity of 

gk+l 

con 

Hence, in this special case, the maximal ambiguity of Narasimhan and Ra- 
madas exists even when we are dealing with manifolds with boundary. 
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Chapter 2 



The Bundle C 



con,Ao 




In this chapter we will prove that the mapping C^ on Aq — > C^ on Aa /Qcon 1S indeed 
a C°° vector bundle for k > 3/2 + 1. This is a standard result, and versions of 
it have been proved in pQ, JS], EH- an d [T^j . 

2.1 General Background and Notation 

M will denote a compact oriented 3-dimensional Riemannian manifold with 
boundary, and P — > M will denote a principal bundle with a semisimple com- 
pact structure group K. Furthermore, we assume that K acts faithfully on 
a finite dimensional real (or complex) inner product space by isometries, and 
thus we view K as a compact matrix group and a subgroup of 0(V) (or U(V), 
respectively). Auxiliary bundles also come into play. The natural matrix mul- 
tiplication of K on V := R n (or V:= C") induces a vector bundle E := P x k V 
(for the definition of these associated bundles, see Chapter 1.5 in ^Hj)- K 
also acts on itself and t via the adjoint representation, and thus we have the 
corresponding bundles Kp := P x k K and tp := P Xj{ f. 

Note that ip is a vector bundle, while Kp is not. However, both tp and Kp 
are subbundles of the vector bundle End(F) p := P x K End(V), where again K 
acts by the adjoint action. 

Recall the exponential map exp : t — * K . Since Ad (fc) o exp = expoAd(fc), 
for any k £ K, we have an induced map exp : tp — > Kp. 

As End(F) acts on V in an obvious way, fibers of End(V r )p act on fibers of 
E. Indeed, let (p, T)k 6 End(^)p and (p,v)k & E be equivalence classes over 
the same point x E M . Then wc define the action as 



It is easy to check that this is well-defined, and this induces a bundle isomor- 
phism between End(V^)p and Hom(E,E) over the identity. Viewing tp and 
Kp as subbundles of End(V^)p, fibers of tp and Kp also act on fibers of E. 



(p,T)k ■ {p,v)k = (p,Tv) K . 
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Similar reasoning also tells us that given two elements 4>, ip in the same fiber 
of tp, we can make sense of the Lie bracket [</>, ip]. Indeed, if <fr = (p, 4>')k and 
ip = (p,ip') K , then 

[(p, 4>')k,(p,iI>')k\ = (p 1 W,^'\)k 

is well-defined by the Jacobi identity. 

A Koszul connection V 'a on E induces a Koszul connection also called V^ om 
on Hom(i?, E) (see |2| for more background on V^f om ). Often, we will write 
V A for Vf om if it is clear we are using this induced connection. V^ om induces 
a connection on tp, and allows us to calculate V a9 f° r 9 £ T(Kp). Note that 
V^g is not necessarily a section of Kp, but a section of Hom(i?, E). 

Of special interest is the trivial bundle P :— O x K — > (5. In this case, the 
induced bundles 25, tp, and ifp are also direct products of the appropriate sort. 
For example, E = O x V — > O. In this case, the /Zai connection on P is the 
Ehresmann connection whose kernel is the tangent bundle of O embedded in 
the tangent bundle of O x K . Using parallel transport, one can check that the 
Koszul connection Vo induced on the product bundle E is given by 

V cr = do , G £ T(E) 

where da is the standard exterior derivative. Thus we will often use Vo and d 
interchangeably and call them the flat connection on E. 

We are only concerned with connections on E that are induced by con- 
nections on P. Such connections are called K -connections, and one can show 
that V a is a X-connection if and only if the local connection form is t-valued 
(see El). 

As a vector bundle, we may equip tp with a metric. Any Ad-invariant inner 
product on t will induce a Ricmannian metric on tp. In particular, we can 
use the trace inner product (A,B) = tr(A*B) to induce a metric on tp. We 
now view tp as equipped with metric induced by the trace inner product on t. 
Similarly, we equip the bundle End(U)p with the trace inner product. 

For any vector bundle £ over M, we define the bundle (£) := Hom( A J (M) , £) . 
We call the elements of Q J (t;) ^-valued j -forms, and generally call them vector- 
valued forms. (It would perhaps be better to call them "vector-bundle valued 
forms," but this is not the standard terminology). By convention, we have 
f2°(£) := r(£), the sections of £. Any connection on £ induces a connection on 
1P (£) that involves the Levi-Civita connection on M. See |3j for more about 
these forms and this connection. 

There are certain operations we will like to define on forms. Given any 
a € fi 1 (tp) and 4> £ T(tp), we define the 1-form [a, (j>] by 

[a,4>]{X) = [a(X),<f>], 

for any X € TM. Also, given any a, ft £ fi 1 (tp), we define the product [a- ft] £ 
r(tp) in the following way: Suppose locally a = '^2 i aidxi, and ft = ^iftidxi, 
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and the associated metric tensor is {gij}- Then, we set 

[a-P\=J2^^9 ij , (2-1) 

noting that < dxi, dxj >= g^ and the matrix (<? y ) is inverse to (gij) ■ One can 
verify that this globally defines [a ■ 0] as a section of tp. 

We will often be looking at the difference between two if-connections, and 
the following will be useful in looking at such differences. If and Va 2 are 
if -connections, using the local characterization of JsT-connections, one can show 
that the difference Vai — Va 2 is a tp-valued 1-form. Furthermore, if we set 
a := V^! — Va 2 , we have for any (f> 6 T(tp) 

(Vt - Vl om )W = [a,4>]. (2.2) 
Similarly, if (3 S Sl^tp), one can show that 

((vfr n )* - (vfr)*)(/3) = -[«•#]• (2-3) 

The previous two equations are ubiquitous in what follows. On sections we have 
cIa = and on 1-forms we have d* A = (V^)*. We will use both notations in- 
terchangably on these respective domains. The curvature Ra of a if -connection 
V a is a tp-valued 2-form. All the facts asserted in this paragraph can be found 
in 0. 

Using l|2.2l) . we can show that a if -connection V^° m is compatible with the 
metric on End(U)p induced by the trace inner product. If we look locally, we 
have V^ om = d + [A, ■], where d is the flat connection with respect to a local 
coordinate system and A is a local l-valued 1-form. Then for a vector X and 
local sections S, T of End(y)p, we have by the bilinearity of the inner product 

X- < S, T >=< dS{X), T> + <S, dT(X) > . 

Since we are locally working with matrices, we note that 

<[A(X),S],T> + <S,[A(X),T}> = ti([A(X),S]*T) + tr(S*[A(X),T}) 

= tT([S*,A(X)*]T) + ti(S*[A(X),T}) 
= tv{S*A(X)*T) - tr(A(X)*S*T) + 

tr(S*A(X)T) - tv(S*TA(X)) 
= (-tr(S*A(X)T))+tr(A(X)S*T)) + 

ti(S*A(X)T) - tr(S*TA(X)) 
= 0, 

where in the second to last line, we used the fact that 6 C so(V) (or su(V)). 
Hence, 

X-<S,T> = <dS(X),T> + <S,dT(X)> 

= <dS(X),T> + <S,dT(X)> + 

< [A(X),S],T> + < S, [A(X),T] > 
= < Vf om S, T> + <S, V^ om T >, 
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proving metric compatibility. Furthermore, a _ftT-connection Va on E and the 
Levi-Civita connection on M induce a connection on £l J (tp) that is compatible 
with the induced metric on fi J (tp). 

2.2 Sobolev Spaces of Connections and Gauge 
Groups 

We define Sobolev spaces of sections of vector bundles as Palais does in |17| . 
Using the notation of the space L^(£) is the space of sections of £ with 
k Sobolev derivatives under the L p norm, and is the completion of 

Cc°(£lint(M)) in the L\ norm. As usual, we define H k (^) := L\{£), where 
the latter notation is what J7J uses. Also converting from Palais's notation, we 
put H*{i):= Lift) . 

Palais uses a local approach to define these Sobolev spaces. However, it 
can be shown that given a smooth connection Va on £, then the norm on C°° 
sections / 

11/11 = ll/IU* + E / < V Af> V ^/ > P/2 dVol 

induces an equivalent norm on Lj?(£), and hence has the same completion. We 
will use both this global as well as Palais's local point of view of Sobolev spaces 
of sections. 

Gross in |S] has defined conductor boundary conditions on Sobolev spaces, 
which we will denote (£)) for appropriate vector bundles £, where fi J (£) := 

Hom(A J 'TM, Specifically, we define the conductor Sobolev space H^ on (il^ (£)) 
for k > 1 as 

H con(W(0) '■= i a G H k (W(0) ■■ i* (a) = 0, where i : dM -> M is the inclusion}. 

(2-4) 

Since k > 1, a Ism is defined in the trace sense, so t*(a) is defined almost 
everywhere. Again, L*(a) = is equivalent to saying that a vanishes on wedges 
of vectors X\ A . . . A Xj, where all X{ are tangent to dM. For a 0-form a (i.e. 
a section a), l*(<t) — if and only if o~\qm = 0. Hence, we see that 

Hi n te)=H^)nH k (0,k>l. (2.5) 

In what follows we use k > 3/2 + 1 so we can use the multiplication theorem 
of Sobolev spaces (see Corollary 9.7 in 117)1. 

Since we will be using conductor boundary conditions, we need a fixed 
smooth connection Va - Set C^ onA() := V a + H^^il 1 (ip)) . Note that all 
the connections in C^ on Aq will be equal to Va m tangential directions on the 
boundary. Also C^ on Aq is an affine space and thus seen to be a C°°-Hilbert 
manifold. We will call any connection Va C 00 -smooth if Va — Va is a smooth 

1 Marini in 1131 has also denned these boundary conditions, although she calls them Dirichlet 
boundary conditions. 
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section of tp; in other words, V a is a Koszul connection in the usual Ricmannian 
geometry sense. 

Proposition 9. Suppose k — 1 > 3/2, and Va G C k on Ag . Then for 1 < m < 
k + 1. we have 

are bounded linear transformations. Also, Va : (£p) — * ^con(^ 1 (^f)) / or 

m = fc — 1 and m = k. 

Proof. Taking the global view of Sobolev spaces, we see that Va maps H m+1 (tp) 
to H m {Q>{t P )) and V* Aq maps J ff m+1 (^ 1 («p)) to H m {t P ). For A G C^„ )A(J , if 
1 < m < k + 1, and / e i? m+1 (*p), we have 

Va/ = Va /+[Va~Va ,/] eff™^ 1 ^)) (2-6) 

and that the mapping / — * Va/ is bounded by the multiplication theorem of 
Sobolev spaces. Similarly, for A G C k on Aq , and 1 < m < k + 1, and a € 
fl^+^fi 1 ^)) we have 

V> = V* Ao a - [Va - V Ao • a] G ff m (e P ). 

As for the last assertion of the proposition, note that if / G -ffSn 1 ^); then 
/ G C 1 (^) and /Ism = 0. Looking locally at a trivializing neighborhood at the 
boundary, we have Va = d + A, where d is the flat connection with respect to 
the trivialization. Since A G Zf^O 1 ^)), we have A G C^fi 1 ^)). Let X be 
a tangential direction on the boundary. Then since / is constantly on dM , 
df(X) = on the boundary. Also, [A(.X'), /] = on the boundary since / = 
on the boundary. Hence, globally, i*(Va/) = on 3M. Hence by (|2.4|l . we 

have v A / e fls»(n»'(0). ' □ 

We now move onto the gauge transformations. If P were a trivial bundle, 
then the sections of Kp would be the gauge transformations described in the 
introduction. Generally, the sections of Kp are the gauge transformations. The 
Sobolev regularity and boundary conditions we will need is set in the following 
definition: 

Definition 10. Let Va be a fixed smooth ^-connection on E. Let g G 
H k+1 (Kp), with g\dM = e, where e is the identity on K. Then we say that 
Q G G k+1 . 

y ^- con 

The Sobolev space H k+1 (Kp) is defined as in 15 as the completion of 
smooth sections of Kp in the norm H k+1 (End(V) p) . This completion without 
the boundary conditions we will call G k+1 , as it is called in |15j . 

Proposition 11. Q k ^ n x is a closed topological subgroup of Q k+1 . 
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Proof. Since the H k+1 norm bounds the L°° norm, we see that Q^tn 1S a closed 
subspace of Q k+1 . Since e • e = e, and e _1 = e, we see that Gcon ^ s a closed 
topological subgroup of Q k+1 . □ 

Gcon ac ts on C k on Aq on the right in the following way. Suppose that rj G 
H k on (n\t P )). Then the action is 

(Va + 77) • 5 - V Ao + g-'V^ra + AdCg- 1 )^. (2.7) 

Note that for (Wa + v) ' 5 to remain in C^ OJl Aq , we need to have g^V^^g 
satisfy conductor boundary conditions. The following proposition shows that 
this is the case. 

Proposition 12. Suppose g G Qctn- Then we have g~ 1 ^A g & Hconi^ 1 ftp)) > 

Proof. Let g G G k +l ■ Since g £ H k+1 (K P ), there exist smooth g n G H k+1 (K P ) 
such that g n — > g in i? fc+1 (End(V)p). It is shown in ^|)] that inversion is con- 
tinuous on G k+1 - Hence, (gn) 1 —> g 1 in H k+1 (End(V) p) . Since V a is a 
smooth if-connection, we see that ff~ 1 Vf om 5r f , € ^(tp), and by the multipli- 
cation theorem, 

11.9 V Ao g-g„ V^ g n \\m < ||5 V Ao V Ao flf|| H * + 

< C(|| 3 - 1 - 5 ,7 1 ||^ +1 ||Vf om 5 || fffc + 
H^lliywlbn - -> 0. 

Thus, g^V^g G JT^fi^tp)). 

To show that g _1 V^° m g G H^fa 1 (lp)) we proceed as in Proposition EH 
Locally, we have V^n = d + Ao, where Aq is a C°°-smooth t-valued 1-form. Let 
X be a tangential direction. Since g = e on 5M, we have dg(X) — 0. Also on 
the boundary, L4o(X),g] = [AopQ, e] = 0, since e commutes with everything. 
Hence, globally, t*(V^ m g) = 0, and thus t*(5 _1 Vf o om 5) = 0. This proves that 
g -i V Hom g e tf*^), and thus 5 e 0*+?, as desired. □ 

We also note the following. If V A G V^o + i?*^ 1 ^)), V ■= v ^ - Va , 
and g G C?£+\ then 

ff- 1 ^ = ff-'VAoa + ff- x ([»7,fl]) e ^(n 1 ^)) 

since [77, g] = on the boundary (g e e on the boundary and thus commutes 
with everything). So V,4 in Proposition^]can be replaced by any H k Sobolev 
connection. In particular, it can be replaced by any smooth connection, and so 
Q k on d° es not depend on the choice of the smooth if -connection Va ■ 
Now we can state our desired result for this chapter: 

Theorem 13. Let k > 3/2 + 1. The quotient space C k on AQ /g k +2 is a C°° 
Hilbert manifold, and ir : C k on Aq — > C k on Ag /Q k ^ is a principal bundle with 
structure group ■ 
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The proof will be a straightforward adaptation of the work of Atiyah et al, 
Mitter et al, and Parker in pQ, JS], and |T^], respectively. Before we can prove 
it, however, will need some basic tools which we will lay out in the next section. 

2.3 The Poincare Inequality, Green Operators, 
and Other Necessities 

Before we start proving Theorem ^0 we need some facts about the Sobolev 
spaces we will be working with. Many of these results will also be quite basic 
to the next chapter. The most basic of these results is the following Sobolev- 
Poincare inequality: 

Proposition 14. Let V a be a smooth connection on a vector bundle £ — > Al 
compatible with the metric. Then there exists a n p > such that for any f £ 
with 1 < p < dim(M), we have 

\\f\\ L P < Kp\\V A f\\zP; (2-8) 

where n p does not depend on the connection, but does depend on p. 

Proof. First we consider real- valued functions on M, i.e. sections of the trivial 
bundle M x R. We first want to prove that the only constant function in 
L^(M x R)° is the function. So let g be a constant function in L\{M x R)°. 
Using Theorem 9.3 in JJjj we can extend the restriction map to a continuous 
map R : L{(M x R) — >■ L p (dM x R). Since g € L[(M x R)°, we have g\ dM = 0. 
But g is constant, so g = everywhere, proving our assertion. 

We can now use a standard argument in proving Poincare inequalities. Vari- 
ations can be found in the proof of Lemma 3.8 in [H], and in 0. We want 
to show that there exists a n p > such that for any g £ L^(M x R)° with 
1 < p < dim(Af), we have 

\\g\\Lp < K p \\dg\\ L P. (2.9) 

Consider the set H := {g £ L\(M x R)° : ||p|| iP = 1}. Note that we have just 
shown in the previous paragraph that no constant functions lie in H.. Set 

C p := inf ||dg|| L p. 
gen 

We will show that C p > 0, thereby proving Q2.9JI by setting n p :— (C p ) _1 . Let 
{/«} G T~i attain the above infimum (in other words, lim^oo HdpH^p = G p ). 
Note that {f n } is bounded in L\ norm and L\ is reflexive (since p > 1), so there 
exists a subsequence that we again call {f n } that has a weak limit / in L\. 
By the Rellich-Kondrakov compactness theorem, since 1 < p < dimM, {f n } 
converges strongly in L p to this same function /. The strong convergence shows 
that f £ Tt, while the weak convergence shows that 

\WWlp < liminf ||df„|| LP = C p . 
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Since / G Tt, we know that / is not constant, and thus C p = \\df\\Lp is not 0. 
Hence, C p > 0, as desired, proving 12. 9|) . 

Now let / G ^(Cl^)- Then the function |/| is globally Lipschitz, so by 
Lemma 2.8 in |5] we have |/| G L^(M x R). Since |/| is continuous and on 
dM, Theorem 5.5.2 in [S] tells us that |/| G L\{M x R)°. Hence, (O yields 

H/lliP < K p ||d|/|||LP < k p ||Va/||z,p- 

The second inequality is Kato 's inequality. This inequality only requires that 
V a is compatible with the metric. For a proof of this inequality, see |18) . Since 
Cq(£Im) is dense in L^(£)°, the proposition has been proven. □ 

Remark 1. Note that while the connection Wa needs to be compatible with 
the metric to invoke Kato's inequality, the k p above does not depend on the 
connection V a- This allows us to let Va x be a L q connection for any q > 
dim(M) and still have (|2.8I) hold: Let Va„ — ► in L q with \7 An smooth. 

Let p* be the Sobolev conjugate to p. Invoking the boundary condition-free 
Sobolev inequality (found in j^J), we have / £ LP , and thus 

WIWlp < K p \\V An f\\LP 

< spIIv^/Hw + IKv^-Va.)/!!^ 

< M V ^oo/IU" + ||VA n - V^llidlmwH/Hi,. 
K p \\S7 Ax .f\\LP, 

since 1/p = 1/p* + l/(dim(M)). In particular, since H k (t P ) C C l (t P ) C 
L 00 ^), then holds for V A G C k con Aq . 

The Sobolev-Poincare inequality immediately tells us 
Corollary 15. The action of G con on ^con A * s f ree - 

Proof. Suppose V Ao + V G V Ao + fl*^^)), S G and (V A „ + ??) • 9 = 

X7 A + rj. By l|2.7|l . this means that 

(Vt" l +'/).9 = Vt m 3+M] = 

By Q2.8fl. we have 

11.9 - e\\ L2 <« 2 ||(Vf o om +rj)9\\L* =0 

Hence, since <? is continuous, g = e and thus the corollary is proven. □ 

We are now in a position to show that Q^n is a Hilbert Lie group. 

Proposition 16. The exponential map takes H^^(tp) into an d * s a local 
homeomorphism at 0. 
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Proof. In it is shown that exp is a C°° smooth map exp : H k+1 (tp) — ► G k+1 , 
as well as a local diffcomorphism, without boundary conditions. Hence, for us 
to prove the proposition, we need only to show that exp maps H k on(^p) mto 
G^m > an d f° r a neighborhood U of the identity in Q k+1 , exp -1 = log maps J7 
into^+^ep). 

To prove the first assertion, let / <E H%£(l P ). Since k + 1 > 3/2 + 2 
we have / € C 2 (t P ) with /Ism = 0. Then if g := exp(f), we have that 
g G C 2 {Kp) C C 2 (End(y)p), and ,g|aA/ = e, where e is the identity element of 
K. Hence, by Proposition^] g 6 t/coti 1 - 

To prove the second assertion, since exp : H k+1 {tp) — > is a local 

diffeomorphism between the spaces without boundary conditions, we need only 
to show that for small £ e # fc+1 (6p), if 5 := exp(£) e £ c fc +\ then £ e H^(t P ). 
Note that sup |£| < C||£||/p+i. So for small enough we can use the 

fact that the "pointwise" map exp : { — ► K is local diffeomorphism at to say 
that since g\au = e, we have £\dM = 0. Since £ e ff fc+1 (6 P ), this vanishing on 
the boundary implies that £ G i?,, 1 (t P ) n i? fc+ 1 (t P ) = H*+? (6 P ) . □ 

Corollary 17. TTie group G k on * s a Hilbert Lie group whose Lie algebra is 
identifiable with J ET™+ 1 (t P ). t/*^ 1 ac£s smoothly on C k on Aq . 

Proof. The previous proposition shows that ^on 1 is a local Hilbert Lie group, 
using logarithmic coordinates, with its Lie algebra identified with H k ^{tp). 
Exactly as in the proof of Theorem 2.18 of \R>\ (which shows G k+1 is a Hilbert 
Lie group) , we can transport these coordinates throughout Gem 1 an d coordinate 
changes are smooth. The details are in |15| . 

As for the smoothness of the action, it is shown in Proposition 3.12 of JS] 
that the action C k x G k+1 — * C k is smooth. The inclusions C k on Ag — > C k 
and Gcon G k+1 are also smooth, so the composition C k on Ag x Gcon ~~ * C i s 
smooth. But we previously showed that action maps C k on Aq x Gcon m t° C k on Aq , 
as desired. □ 

Next on our agenda is to prove a version of Stokes' theorem. In what follows, 
M can be of any dimension. 

Lemma 18. Let M be a compact oriented Riemannian manifold with boundary, 
and P — > M a principle K-bundle over M . Let u 6 QP(tp) and v £ fl p+1 (tp). 
For any smooth connection V A , we have 

(< d A u, v > — < u, d* A v >) = / </Au,d>, 

M JdM 

where v is the outward pointing normal vector on the boundary, and v* is the 
Hilbert space adjoint of v using the metric on M. 

In particular, if u satifies conductor boundary conditions, then 

<dAU,v>= / <u, d* A v > . (2.10) 

M J M 

To prove this we will prove a series of propositions. 
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Proposition 19. Let M be a Riemannian manifold with dimension n, and let 
{e{\ be an orthonormal frame field for U C M. Let E — > M be a vector bundle 
over M. Then for u € QP(E) and v £ 9? +1 {E), 

n 

X\u — ^ < e* A u, v > e t 
»=i 

defines a global vector field on M. 

Proof. Suppose {e^} and {/_/} are two local orthonormal frame fields over the 
same open set. Then define the matrices A = {a^} and B = {bij} by 



2 i =$3 £ Hj/i) fj =J2 b 



Then B 1 = A. Also, note that since e*(/i) =< ej, >= bji, we have 



Thus, since B^ 1 = A, 

^<e*Au,w> = 6^/* Ah,o afej/fe 

= < ft ^U,V > f k (Y^ CLkjbji) 

i,h j 
= E3 < ft AU ' V > f k5ik 

= ^</*Au,v>/ 4 

i 

Thus, the definition of X is frame independent, proving that X is a global vector 
field. □ 

An obvious approach to proving Lemma IT51 is to use a the regular Stokes' 
theorem, or a variation of it. The variation we will use is the divergence theorem 
for manifolds. This motivates the following proposition: 

Proposition 20. If X is the vector field defined by 
X\u = ^2 < e* k Au,v > e k , 

k 

then 

< d A u, v > — < u, d* A v >— div(X), 
where div(X) is taken with respect to the oriented volume form. 
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Proof. We will modify Gross' proof in [8] to our manifold case. Choose a point 
x 6 M and let {e,-} be a geodesic frame at that point. First suppose u and v 
are locally of the form u = (fye*^ A . . . A e* p and v — ipe^ A ... A e* k , where 
4> and -0 are local sections of our vector bundle tp. Let D be the Levi-Civita 
connection on M, Then note at x we have 

M 1 A-Ae; +1 (e il A...Ae ip+I ) = Y(e* kl A . . . A e* kp+i (e h A . . . A c Ip+1 )) 

-^e^ A...Ae^ +1 ( e/l A 

... A £>ye Io A ... A e Zp+1 ) 
= 0-^0 = 0. 

a 

Thus, we have at x 

i 

= " ^ (((^MK A ... A e£ p+1 + V^e^ A ... A 4 p+1 ) 

Now we aim to obtain a similar expression for d A (u) . We first note that at x 

d(e* k ){e t A e ) = e^e^)) - ej(e%(ei)) - 4([e i( e 3 -]) 
= O-O-e^D^ej-De^) 
= 0. 

Thus, at x 

d(e* 1 A...Ae* p )=0. 

So, at x 

d A u = (V A <f>)Ae* jl A...Ae* jp + (f>d(e* jl A...Ae* jp ) 

Let's define u = e* A e* A ... A e* and w = e? A ... A el . Then using our 
expression for d A u and cf^w, we can write at x 

< d A u,v > - < u,d* A v > = ^T f (<(( 1 V A ) ej </>)e* j Aii,v> + 

3 

- < !i,((VA) e ^)t e ,(w) >)• 
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Note that since e* A ^ and u> are part of the orthonormal frame {e* % A ... A } 
for the bundle QP +1 (M), we have 

< fe* Afi,guj> = < (f e *j A M)(e(! A...Ae, p+1 ) lS u(e, I A...Ae ip+1 ) > {p 

= < /,# >e P < e* A u > p+i(Af) ■ 
We use the above and metric compatibility to get at x 

< d A U,V > - < U,d* A V > = J2(< (SAje^A > + < ! (V j4 )e 3 V' >) ' 

3 

< e* A fi, uj > 
= ^2e 3 {<(t>^>) <e* Kh,uj> 

3 

= z2 e 3i< >< e *j A M> w >) 
= ^2 e 3i< A M>Vw >) 

3 

= 53 e 3'(< U,l ej (v) >), 

i 

where we also used the fact that < e* A fi, ui > is constant. So we have proven 
the proposition for all u and v with the special form u = (pe^ A . . . A e* p and 
v = ipe* kl A ... A e£ . However, if u and u are arbitrary, then locally u = ^ i itj 
and w = Wj, where u; and are of the above special form. So, in this general 
case, we have at x 

< d A u, v > — < u, d* A v > = < d A Ui, vj > — < Ui, d* A vj > 

i,3 

= \^2 e k(< U i^e k (Vj) >)\ 

k \ *J / 

= ^2 e k(< U,L ek {v) >). 
k 

However, since {e^} is a geodesic frame, this last sum is exactly the divergence 
of X at the point x (see Exercise 3.8a in 4 ). So, we have 

(< d A u, v > — < u, d* A v >){x) — div(X)(a;). 

But x € M was arbitrary, so we have our proposition. □ 

The final ingredient for Lemma 1181 is the divergence theorem for oriented 
Riemannian manifolds which states that 

f div(X) = f < v,X > . 

JM JdM 

Now, we can finish up proving the lemma. 
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Proof of Lemma \T8l Let {e^} be an orthonormal frame including the boundary 
so that v — e\. Then, for the vector field X defined in Propostion |201 on dM 
we have 

< v, X >=< ei,/~] < e* A u, v > e, >=< el A u, v >=< v* A u, v > . 

i 

Thus, we have 

(< d A u,v > - < u, d* A v >) = / div(X) 

M J M 

< v, X > 

dM 

< v* A u, v >, 

dM 

which proves our lemma. □ 

Note that, like the Sobolev-Poincare inequality, we can replace the smooth 
connection with a Sobolev connection in, for example, C k on A , and the 
smooth forms u and v with H 1 forms. 

It will be essential for all that follows to have Green operators associated with 
every connection G C k on A . More specifically, given a if-connection X7 A g 

C con.A > we can dcfinc the Laplacian A A = d* A d A : ff^+HM -> H m - x {l P ) for 
1 < m < k. The regularity is correct by the following argument: Since S7a 
is a smooth connection, clearly A Ao is a bounded map from H m into H m ~ 2 . 
Suppose h = V A - V Ao G H* on (t P ). Then for / e H m +\ 

A A f = A A J + [d* Ao h, f]-[h- [h, /]] - 2[h ■ d Aa f\. (2.11) 

So, we have (allowing || • ||j to denote the H' 1 norm) 

||Aa/|L-i < ||A^,/|U_i + ||[dX 1 ft,/]|U- 1 (2.12) 

[/i,/]]|| m _ 1 + 2||[/i-d Ao /]|| m _ 1 (2.13) 

< \\A A J\\ m ^+C{\\d* A( h\\ k ^\\f\\ m ^ (2-14) 
^\h\\ k \\[Kf]\\ m -l + 2\\h\\ k \\d A J]\\ m ^) (2.15) 

< HA^/IU-i + CdlftllfcH/IU-i (2.16) 
+INl2ll/IU-i+2|HUI|/|U)<oo, (2.17) 

where we used the fact that H" 1 " 1 is a H k ^ 1 module, which is the case since 
k > m and k - 1 > 3/2. Thus, A A is bounded from H^{l P ) to iT™- 1 ^). 
Furthermore, we have 

Proposition 21. Let V A G C k con Aa for k - 1 > 3/2, and suppose 1 < m < k. 
Then the mapping A A : H%£% (tp) — * H m ~ 1 (tp) is an isomorphism. Further- 
more, iff G H 2 on (t P ) and A A f G H m -\t P ), then f G tf^+^p) and A A f 

\\f\\ Hm+ i < CQ\A A f\\ Hm -i + \\f\\ H o). (2.18) 
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We set Ga '■= (A a) 1 and call it the Green operator. 

Proof. This proof will be a modification of a couple of standard arguments. Our 
main sources will be [5] and |16| . There is probably a much cleaner way to prove 
this, but the author could not come up with one. Be forewarned: the following 
is nasty, brutish, and long. 

First we note that if AaJ — for some / £ iJ^+^fip), then by Lemma ITH1 



So oIaJ = 0. By the remark following Proposition 1141 since / £ H^ip), we 
have / = 0. So ker = 0. Most of the remainder of this proof will be showing 
Aa is onto. 

We can define an bilinear form B : Hy(ip) x Hl(tp) — > K as 



Setting h — V a — V^ (and again allowing || • ||, to denote the H l -norm), we 
have 



\B(u,v)\ < ||cUu|| ||<Mlo < (\\d Ao u\\ + \\[h,u}\\o)(\\d Ao v\\o + \\[h,v)\\ ) 

< C(|M|i + ||/i|U||u||o)(|M|i + INMMIo) 

< cnftiUdiuiu + iHii). 



So B is bounded. By Proposition 1141 B is also coercive. Let / € H°(tp) be 
arbitrary. Then by the Lax-Milgram theorem (see Theorem 1 in Section 6.2.1 
in UJ), there exists a unique u e Hq(%p) such that B(u, v) = J M < /, v > for all 
v £ Hq. The idea is that "A^u = /" (and if one considers A^it £ i? -1 , then 
the quotes can be removed). We now want to show that our solution u is also 
in H 2 . To do this we will follow the proofs of Theorems 1 and 3 in Section 6.3 
of |S] closely. 

We will show that u £ H 2 (lp) by showing that u £ H 2 (tp\v k ) for a finite 
cover {Vfc} of M. First, let's take an interior trivializing coordinate neigh- 
borhood U of M. Let D denote the flat connection on U. Then we set 
a := Va — D £ H^^-^p^)). Let a — J2i a i^ x i- We also introduce the 
difference quotient D^g as 



where is the k Euclidean direction vector. Difference quotients behave 
much like derivatives. For example, they is a Leibniz-type rule: 



= (/,A A /) i2 = (d A f,d A f)L2. 




D^{vw) 



v h D)w + (D%v)w, 



(2.19) 



where v h 



(x) 



v(x + hej). They also satisfy the integral equality 



[ <f, Dj h g >dx = - [ < (D$f), g>dx 



(2.20) 
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for g with compact support in U. Here, dx is the Lebesgue measure on K n , and 
we need Lebesgue measure for (|2.20|l since we need the fact that it is translation 
invariant. If dVol is the volume measure induced by the metric of M, then 
dVol = adx, where a := y/det (gij). Since both a and 1/a are bounded on U, 
integrability under these two measures is equivalent. 

Take open sets V, W such that V C W C W C [7, and choose C : ?7 [0, 1] 
so that C|v = 1 and supp(Q C W. Set v := -DJ h (( 2 Dfu). Note that by our 
choice of £, we can extend v by and have w € -/^(tp). Hence, we have 

/ < d A u, d A v > dVol = I <f,v> dVol. (2.21) 
Ju Ju 

Set 

A := 



dVol 



/ < Du + [a, u],Dv > dVol = I < d A u, Dv > dVol 
Ju Ju 

B := <f,v>dVol~ / < Du,[a,v] > dVol I < [a, u], [a, v] > 
Ju Ju Ju 

= / < /, v > dVol - / < d A u, [a,v] > dVol. 
Ju Ju 

Then l|2.21|l is equivalent to saying A = B. Now 

A = - V / < u Xi + [a h u],Dr h ((( 2 D%u) Xl ) > g a adx 

= E I < D) j(9 a a{u Xi + [ai,u])), (C 2 D'ju) Xl > dx 

= E / (<(9 il a) h D*(u Xi ),{ 2 D$(u Xl )»dx + 

E /(< tfaftfiMU^M > + 

< (g il a) h D*(u Xi + [ai,u}),2(( Xl D%u > + 

< D h 3 {g a a){u Xi + [ ai ,u])X 2 D h 3 {u Xl ) > + 

< D%(g il a){u X( + [ai,u]),2CC Xl D^u > dx). 

Let the first sum of the last line equal A\ , and the second sum equal Ai . Since 
the metric matrix {gij} is positive and continuous, there exists a constant 9 
such that 

m > ~ / a h ey2\D h (u x ,)\ 2 dx 
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where 6 = 9- inf a. As for A 2 , we have by Cauchy-Schwartz, 

■* U i i i 

\D$Y^[ai,u]\ ■ \D*u\ + |X)[o i) «]| • \D h jU \ + |^^| • I^E^I + 

i i i i 

iEk^i • i^ l E^i + iE u -.i ■ i^M + iEm • i^M)^- 

i i i i 

By the Peter-Paul inequality, for any e > 0, we have 

\A 2 \ < e [ C\D'';y j u x fdx + 
Ju 

\ I iE^i 2 + ^>i 2 + iE[ a - u ]i 2 + i^ l E[ a - u ]i 2da: - 

As in Theorem 3(i) of Section 5.8.2 in [5], we have 

f \D*u\ 2 dx < C f V \u Xz \ 2 dx. 
Jw Ju i 

Letting e = 0/2, we have 

\a 2 \ < 6 - cE i^N. i 2(fa + c E i 2 + iK"]i 2 + i [«*»«]*, i 2rfa; - 



So in sum, we have 

A = Ai+A 2 >A 1 -A 2 



Now we turn to _B. We first look at the L 2 norm of v: 

[ \v\ 2 dx = [ \Dj h (C 2 D';u)\ 2 dx 
Ju Jw 

< C [ \J2(( 2 D%u) x fdx 

Ju 4 

< C [ {\D*u\ 2 + Y / (\D%u x fdx 

Ju 

y i i 

Using the above and < 7, [/3, /] >=< [7 • /?], / > for 1-forms 7, /3 and 0-form /, 



2:-i 



we have 

\B\ < C [ (\f\ + \[a-Du]\ + \[a-[a,u]]\)-\v\dx 
Ju 

< ef \v\ 2 dx + C/e [ |/| 2 + \[a- Du]\ 2 + \[a ■ [a,u]}\ 2 dx 

Ju Ju 

< Ce f J2<;\D$u Xi \ 2 dx + C/e f \f\ 2 + \[a ■ Du}\ 2 + \[a ■ [a,u}}\ 2 + 

Ju i Ju 

\u Xi \ 2 dx. 

i 

So choosing e = 6 /(AC), we combine the A and B inequalities to obtain 

(^^>Xi 2 ^) 1/2 



where we used the fact that H 1 is a H k module in the last line, and || • \\k = 
II ' \\H*(t P \ v )- Note that 

a = X7 A - D = [V A - V Ao ) + (V^o - D), 

where the latter connection is smooth. So, ||a||#k(f p | v ) < C+||V^— VA ||i?*(t P )- 
So by Theorem 5.8(h) of Section 5.8.2 in 0, we have that u € H 2 (t P \V) and 

\\u\\ HH t pW ) < C(l + ||V A ~ VAollfeXH/Ho + ||«||i,) (2.22) 

where we have switched back to || • ||fe = || • ||H fe ({ P )- Hence, we can replace 
V above with any open set V C M such that V C M and have l|2.22|l hold. 
So, now we can understand Aau as an function defined a.e. on M, and may 
deduce from Lemma IT5I that Aau = / a.e. and all second derivatives exist as 
a.e. defined functions on M (see the remark after Theorem 1 in Section 6.3 in 
PJ.) This observation is important for the following boundary considerations. 

Let U be a neighborhood of the boundary such that U is the open unit ball 
Bq(1) intersected with the upper half plane {£3 > 0}, and {x^ = 0} n U is 
the boundary portion of U. We define another cut-off function ( : R 3 — ► [0, 1] 
such that C|fl (l/2) = 1 and supp(() C B (3/4). Set V := Bo (1/2). For j g 
{1, ...,n— 1}, we define v := —D~ h (( 2 D^(u)). One can check that 

v(x) = —t^(C 2 ( x — hej)(u(x) — u(x — hej)) — ( 2 (x)(u(x + hej) — u(x))) 



< (/ cEci^Ki 2 ^) 172 

Jw . 

< CD/Ho + \\[a ■ Du]\\ + \\[a- [a,u]]\\ + £ |K,|| + 

i 

SdKllo + ||[o*,t*]||o + Yl H[«*>4Jo) 

i I 

< ciHUdi/Ho + lluii!), 
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for x £ U. Careful inspection above reveals that since u\qm = in the trace 
sense, and £ vanishes near the boundary of the ball, after extending by we 
have v in H^(tp). So, 



< d A u, dAV > dVol = I < f, v > dVol. 
u Ju 

By analogous estimates as the interior case, we have 

E I^Xl 2 ^ < c(i + \\v A - v Ao |U) 2 (||/||o + H|i) 2 , 

and so u XjXi £ H 2 (£p\v) for all i,j such that i + j < 2 ■ 3. So the we need only 
consider u X3X3 . Again, set a := \7 A — D, where D is the flat connection. Let 
A = D*D. Then, recalling (|2TT|) we have 



= f - [D*h, u] + [a- [a, u]] + 2 [a • Du] - 



u. 



where equality is a.e. Since everything on the right hand side is in L 2 (lp\v), so 
is u X3X3 . Hence, u £ H 2 (tp\v). 

Since we can cover M with finitely many interior and boundary neighbor- 
hoods, we see that we have u £ if 2 (tp), as we desired. In sum, we have shown 
that given any / £ L 2 (tp), there exists a u £ H 2 on (tp) such that A A u = f. 
Our next job is to show that if / G H m ~ 1 (£ P ), then u £ H m+1 for 1 < m < k. 
Here we can use previous results, making things much easier. 

The following argument is analogous to the one put forth in Section 3 of ^Hl ■ 
Again suppose our / from above is actually in H m ~ 1 (ip). Take any trivializing 
neighborhood U of M (interior or including the boundary). Using our previous 
notation, by Theorem 5 of Section 6.3 in and the inequality following (|2.11|l . 
we have 

\\u\\ Hm+1{tplu) < CfllAull^-i + Hullo) 

< C(||A A u||m-l + IMk||u||m-l 

+IH| 2 |ML_ 1 + 2|M| fc |M| m + |M|o) 

< C(||A A u|| m _i + |H| m + |H|o). 

where again || • ||j = || • 1 1 jy* (6^= Itr) - Interpolating on Sobolev norms, we have for 
any constant e > 

|MU<e|M| m+1 + C(e)|M| . 
So, choosing an appropriately small e, we have 

\\u\\ Hm+ i i(plu) < C(\\A A u\\ m ^ + \\u\\ ). 

Summing over a finite cover of U's, we see that u £ i/™+ 1 (tp). Hence, A^ : 
H™t X {ip) -> H^itp) is onto. So by the Open Mapping Theorem, A A is 
an isomorphism. (One can also use compactness of H m+1 in L 2 to directly 
show that the inverse is bounded, but we've done enough hard work for this 
proposition) . □ 
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2.4 Proof of Theorem US 



Armed with the Lie algebra for and Green operators G A for all W A € 

Ccon A ' we can now s t ar t proving Theorem 1131 

In our proof of Theorem 1131 we need to have some sort of slice lemma. 
Informally, a "slice" is a chunk of the C k on Aq to which our base C k on Aq / Q^tn wm 
be locally diffeomorphic. Our slices will be modelled on the horizontal subspaces 
Ha at each if-connection V a- The horizontal subspace Ha is defined as 

H A = {veH k - on (n 1 (t P )) :d A r, = 0}. 

For our slice lemma we need to have the following: for sufficiently small 77 6 
Hcon A (^f)i there exists a unique gauge transformation 

9 e Q k +n so that ((Va+ 

v)'9)~ € We would like to employ the implicit function theorem to find 
such gauge transformations, but clearly Gc^i is n °t a Banach space. Instead, 
we consider the gauge algebra H*^(ip) and use it for the implicit function 
theorem. 

We first prove the so-called "local completeness" of our action. This proof 
is from pQ: 

Proposition 22. Suppose Va G ^conA - Then there exists e > so that 
if < ei < e there exists an 62 > suc/i £/iaf for 77 G J Ef* m (f2 :1 '(tp)) wt/i 
II^Hjj* < £i i/iere exists a unique g £ Gcon such that \\g — e\\ H k+i < 62 and 
(y A + if)' 9~ ^ A £ Ha- In other words, d A ((V a+v)' 9~^ 'a) = 0. Furthermore, 
62 can be made arbitrarily small by making ei sufficiently small. 

Proof. Consider the map F : H^{t P ) x H k on (t P ) -> H k - x (t P ) given by 

F(X, rf) = d* A (exp(-X)d A cxp(A) + Ad(exp(-X))r?). (2.23) 

F is just a composition of linear and bilinear maps, and the exponential map. 
Thus, it is a smooth map of Banach spaces. Also, F(0, 0) = 0. To calcu- 
late the first partial derivative of F at (0,0), note that G(X) := F(X,0) — 
d^(exp(— X)dA exp(X)). With the Baker-Campbell-Dynkin-Hausdorff formula, 
one can show that 

#(exp)(X)£ = (£ ^i^li)exp(X). 

So D(exp)(0)£ = £. Thus, by Chain Rule and Proposition 14 in [TT], we have 

DG(0)£ = ^((L'exp)(0)C-d J 4exp(0)+exp(-0)dA(£ , (exp)(0)OX2-24) 
= <r A d A £. (2.25) 

To apply the implicit function theorem, we need to show that d A d A = : 
Hconftp) ~ ¥ H k ~ 1 (ip) is an isomorphism. This is exactly the statement of 
Proposition So applying the implicit function theorem we have: There 
exists a C°° mapping X : N A n H k on {t P ) -> N a n H^(i P ), where A A is a 
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neighborhood of in H k on {tp) and N is a neighborhood of in fP^+^Jp) such 
that X(rj) is the unique member of N$ satisfying 

d* A {eM-X(v))d A exp{X(ri))+Ad(exp(-X(r])))v) = 0. 

By Proposition El exp : iP^on 1 — * ^cim 1 1S a local diffeomorphism at 0. So, 
given a small enough 77, setting g := exp(X (r))) gives us the statement of the 
proposition. This may require a shrinking of the neighborhood N A , but this 
is possible since X is a continuous map. This last part of the proposition also 
follows from this continuity. □ 

Now we want so-called "local effectiveness" of our action. This proof is again 
found in £Q and, more directly |18| but with simplifications: 

Proposition 23. Suppose Va G C-con A a - Then there exists an 6 > so that 
if ll^llliJ*) II 'TS I Iff* < ^, VliVz G Ha and rji ^ 772 there exists no nontrivial 
9 G aucA toot (V A + • 5 = (Va + 772). 

Proo/. Suppose 771,772 € H A and (Vi+rji) -.9 = (Va +V2), and < 8, for 

some <5 > that is yet to be determined. Set Vi = + 771. The idea here is to 
show that \\g — e||^fc+i is small if both ||?7i||jjfc and H^Hif* are small, allowing 
us to invoke the uniqueness statement of Propostion|221 We have 

m = g-^Ag + Mig-^m (2.26) 
= g^Vig. (2.27) 

Our main goal will be to show that \\g — e\\ H k+i is controlled by ||g -1 Vi(7||#fc. 
First note that since K is compact, we have a constant ft' > 1 so that 

sup |fc| < Q' < oo 

keK 

where the norm is induced by the trace inner product. Hence sup gg gfc+i | |sr| |x-°° 5~ 
tt' ■ VolA/ =: fi, since the norm on End(F) p is induced by the trace inner prod- 
uct. Note that since Vi G H k , we can apply (|2.8I) to obtain 

\\g - e\\ L 2 < K 2 \\Vi(g - e)\\ L 2 < K2 ^||.9~ 1 Vi 5 || L 2. (2.28) 

By Propositionl21l fnote we could replace tp with End(V)p and nothing would 
change in the proof of ProDOsition l21f> . since Vi G H k , we have 

\\9-e\U+i < C(\\VtV ig \\ Hk -i + \\g-e\\ L 2). (2.29) 

At first glace, one might expect that the constant C above depends on r\\. 
However, this is not the case. Indeed, if we assume that 8 < 1 and thus I^iIIh 1 ' < 
1, we can use the inequality of Propostion 12 II with the connection \7a to get 

\\g - e|U+i < C A (\\V* A V A (g - e)\\ H ^ + ||.9 - e\\v>) (2.30) 
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The inequality (|2.17|) with Va replaced by V^i + rji tells us that 

imVAfo-e)!!**-! < \\^i($-e)\\ H H-i+C(\\in\\H*\\9-e\\ H M-i 

+II»7i|Ih*II5 ~ e|U*-i + 2||r7i||^||.9 - e\\m) 
< ||VjVi(ff-e)|| ff *-i+ C\\g -e\\ H u, 

where we used the fact that ||?/i||/ffc < 1 on the last line. Plugging the above 
into (j!HUj) yields 

||3 - e|| H * +1 < C A {\\V\Vx{g - e)\\ H %-i +C\\g- e|| H * +\\g- e\\ L *). 

A standard Sobolev norm interpolation then yields 12.29fl with a constant C 
that depends only on the fact that ||f7i||#fc < 1. 
From l|2.29|l we have 

\\g-e\\ Hh+1 < CiWgWH^Wg-^tVwWff.-i + Wg-eW^) (2.31) 

< C{[\\g - e\\ H *-i + ||e|| ) ll^" 1 VJ Vr.gH ^ fc -, + (2.32) 
\\9-e\\v) (2-33) 

< C((\\g-e\\ Hk -i+l)\\g- x VtV ig \\ Hk -i+ (2.34) 
Wg-^igWv). (2.35) 

Note that 

llfl _1 V;Viff|U»-i < ||VJ(ff- 1 Vij)|| jr *- 1 + HVxflr- 1 - VulU*-! 

< C(\\g- 1 \7 1 g\\ Hk + IKViff-^H^-illfi^ViffllH*-!) 

< C(\\g- 1 V 1 g\\ Hk + \\g- 1 V 1 g\\ 2 Hk ). 

In the above, we used the fact that = '^i(g~ 1 g) — {^ig 1 )g + <7 -1 Vi<7 and 
Proposition |5J Also, a priori the constant C should depend on rji. However, 
using reasoning similar to that which we used to show (|2.29|) tells us that C 
depends only on the fact that || ?7i || jyft < 1. Since we assumed that 8 < 1, then 
by (|2.27() we have ||<7 -1 Vi<7||#k < 1. So we can remove the ||<7 -1 Vi<7||^- fe term 
above. Using the above and interpolation of Sobolev norms for ||gf — e||#*-i, we 
continue our inequality of H2.35JI with any e% > 0: 

Hfl-ell^+i < C(\\g-e\\ Hk -i +l)\\g- 1 V 1 g\\ Hk 

< e||^+i||g _1 Vig|| fffc + C{e{)\\g~ 1 Vxg\\ H k 

Let's now assume that S < 1/2, which implies ||g _1 Vi(j| H k < 1/2. So taking 
e% = 1, the above can be written as 

\\g- e\\ H h+i < 2C{\)5. (2.36) 

Thus, taking 1 > e > as in Proposition [221 we can choose 

a<min(e/(2C(l)),l/2,e). 

Then by l|2.36[) . we have ||<7 — e||#fc+i < e, so the uniqueness statement of 
Proposition |2U applies. Since 771 , 772 £ Ha, this uniqueness tells us that g = 
e. ' □ 
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Now we can show that C^ on A /Gem i s a Hilbert manifold and prove local 
triviality of the bundle C* an Aq — > C* on Ao /Gcm- Most of the following is exactly 
from |15| including most notation. 

Proof of Theorem Our quotient space C^ on Aq /Gem nrst needs a topology. 
We give it the quotient topology under the projection n : C\ on Aq — > C]z on Aq / Gem 
Fix a connection Va € C^on Ao and consider the mapping F : H^ on x Gem 
H con g iven by 

F(v,9) = (Va + v)-9-Va. (2.37) 
Then F is continuous and F(0,e) = 0. Hence, for a ball B$(A) := {Va + 1) : 
I Miff it < e l' there exists e"i > and e~ 2 > so that for r\ £ H^ on and g £ Gem 
such that || 17 1| fl-* < €\ and ||g — e\\ H k+i < £2, then F(rj,g) £ B$(A). Set <5 > 
to the 8 in Propostion 1231 Set e\ > so that it is less than min(<5, e~i), the 
e in Proposition and so that the corresponding e 2 in Propostion |221 is less 
than e~ 2 . Set tt : C k con Ao -> C^^/Q^ and Qa := tt(B £i (A)). Consider the 
restriction 7ta := 7r|s A , where 

S A := ^(Qa) n S 4 (A) n (Va + H A ). 

Clearly tta maps into Qa- We now show that this mapping is onto. Given an 
equivalence class [Va'] € Qa, we can assume without loss of generality that 
V A' 6 ^ci(^)- By Proposition |221 there exists g £ Gem with |jg — e\\ H k+i < e 2 
and F(Va> — Va><?) e ^Ta< Since Va' € ^(A) and ||# — e\\ H k+i < e 2 < e~2, we 
see that 

Va- - .9 = Va+F(Va< - V A ,<?) G S tf (A). 

Hence, Va' • 5 € 5a and 7ta(Va' • ff) = [A 1 ]. So 7ta maps onto Qa- Suppose 
Vau Va 2 are in the domain of tta and 7Ta(Vai) = tta(Va 2 )- Then there exists 
g £ Gem sucn that Vai ■ 3 = Va 2 - Since Va 15 Va 2 G Bg(e), we can apply 
Proposition [23 to conclude that Va x = Va 2 - Hence, 7ta is injective. Since Qa 
has the quotient topology, the bijectivity of 7ta shows that it is a homeomor- 
phism. We will call its inverse a a ■ Qa — > S A . 

We get a Hilbert manifold chart <j) A : Qa — > (5a — Va) C Ha given by 
</>a([Va']) = o"a([Va']) — Va- It is easy to see that (Sa — Va) is an open subset 
of Ha- The next step is to show that coordinate changes are smooth. To this 
end, we define a map <7a : 7I " _1 (Qa) — * Gem as follows: <?a(Va') is the unique 
element of Gem so that 

Va' • ffA(VA') -1 = ^a([Va'])- (2.38) 

3a (V a') exists and is unique by Corollary ^1 and Propositions 1221 and 1231 If 
[Va'] £ Qai H Qa 2 , then we compute from (|2.38|l that 

^([Va']) = a Al ([V AI ])-V Al =a Al ([a A2 ([V AI ])])-V Al (2.39) 
= cta 2 ([Va'])-. 9 a 1 ( ( ta 2 ([Va']))- 1 -Va 1 (2.40) 
= (Va 2 +<£a 2 ([Va']))- (2.41) 
Sa^Va, + (Va 2 - Va, + ^([Va'])))- 1 - V Al . (2.42) 
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Since we know that gauge transformations are smooth, we need only show 
that gA is smooth for all £ C^ on Aq to show that this coordinate change is 
smooth. This will come in the proof of local triviality of the quotient nC^ on Aq — > 

C con,A /<3con, which follows. 

Note that when we show that the coordinate change is smooth, we will have 
a smooth map 4>a 2 ° 4>aI from an open subset of Ha 1 to an open subset of Ha 2 ■ 
The first derivative of 4>a 2 ° 4>~a wm thus provide an isomorphism from Ha\ to 
Ha 2 - 

We want to show that a certain map <&a ■ Qa x Qcon ^ 7I" _1 (Qa) is a 
smooth diffeomorphism. This map is given by 3>a([Va'], 5) = oa([Va']) ■ .9- 
Since gauge transformations are smooth, we see that $a is smooth. Also, <E>a is 
a bijection with the inverse $^ 1 (Va / ) = (it (A'), <7a(Va'))- So, if we can show 
that < &^ 1 is smooth, then gA will also be smooth making our coordinate change 
map (|2.42|) smooth. To consider the smoothness of < I>^ 1 we will look at <£>a 
under coordinates and show that <&a is a local diffeomorphism at all points. 

We know that Qa is diffeomorphic to an open neighborhood Sa '■— Sa~ V a 
in Ha (since we haven't shown that C^ on A /Scon ^ s a manifold yet, to be correct 
we should replace Qa in the domain of $a with Sa, prove smoothness of the 
inverse which then gives us that Cc OTl A /@con is a manifold, and then replace 
Sa with Qa to give local triviality. To avoid this extra confusing layer, we sweep 
this detail under the rug.) Given a fixed g £ Gcmi, we have a neighborhood 
M g of the form M g = {exp(£) • g : £ £ H%£(t P ),\\Z\\ H k+i < e}. The set 
V e (0) = {£ £ H^^(tp), < e} then provides coordinates for M g . Finally, 

tt~ 1 (Qa) has coordinates under the mapping Va' >- » Va' ~ Va- So, we can 
rewrite $ a :5aX V e (0) -» ^(Qa) - Va C i? c fc on (t P ) as 

*a(t,0 = . 9 - 1 exp(-0Vf om (exp(05)+Ad(^ 1 exp(-e))(r) 

= .g- 1 exp(-0(Vf om (exp(0)ff + .9^ exp(-0 exp(e)(Vf om .g) + 

Ad( 5 - 1 exp(-0)(r) 
= Ad(.g- 1 )(exp(^)(Vf om (exp(0) + Ad(exp(-£))(r)) + .g^Vf °"V 

To use the inverse function theorem, we want to show that ($a)* is invertible 
at all points. Fixing a g £ Gcon? an< l using the coordinates of M g , we need 
only to consider the invertibility of ($>a)*(t, 0). Since <1>a restricted to the first 
variable is affine, we have 

($a)*i(t,o)W =Ad( 9 - 1 )(ry). 

By a calculation similar to (|2.24(l . we have 

($a)*2(t,0)W = Ad(«r 1 )(Vf om /l + -/lT + T^) 

= AdGr^Vf^), 
where Va' = Va + t. Adding up our partial derivatives yields 

(*A)*(r,o)(»7,ft) = Ad(.g- 1 )( ?7 + V^/i). (2.43) 
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To show (&a)*(t.o) is an isomorphism, we will first show that it has trivial kernel, 
and then show it is onto. Also, we will drop the "Horn" from W A om . 
Suppose ( c E > a)*(t.o)( 7 7i h) = 0- Since V^77 = 0, we have from 12.4311 

A A h + \7* A [T,h] = \7* A (\7 A h+[T,h]) 

= V A (V A >h) = V A (V A >h + r,) 
= Ad(g)($ A ) HTfi )(r),h) = 0. 

Applying the Green operator G A to the above yields 

h + G A V* A [r,h] = 0. 

By the boundedness of G A : H k - l (t P ) -> H%£{l P ) and : H k {t P ) -> 
H k ~ 1 (i P ), we have 

\\h\\ Hk+1 < C\\V A [T,h]\\ Hk -l 

< C\\[r,h}\\ Hk 

< C\\T\\ Hk \\h\\ Hk +i 

For small enough r, the above implies that h = 0, which in turn implies ?y = 0. 
Thus, for small enough r, ker^^^g) is 0. 

Now we can move onto surjectivity. Define a map P A > : H^^Sl 1 (tp)) — > H A ' 
as P A i((J) = (1 - V ' A iG A iV* A ,){ui). We can rewrite l|2.43[l as 

($ A ) <Tfi) ( Vl h) = Ad(g- 1 )(V A ,(h + G A ,V* A , V ) + P A , V ). (2.44) 

We have written (^ A )^ T ^ in the form ($a)*( t ,o) : S A xV e (0) — > Ad(g~ 1 )(lm(S/ A i)® 
H A i). It is easy to see that lm(\7 A i) H A > is indeed a direct sum and that 
Im(VA') © H A , = F^JQ^fp)) (see, for example, and [THj). Note that 
since g £ Gconi Ad^" 1 ) maps H k on to itself isomorphically. Hence, to prove 
surjectivity, we must show that for every ho £ an d € -Ha', we have a 

(unique) solution to 

{$A)*( T ,o)(v,h) = Adig-^id^ho + ijo). 
Consider the function H : H k on (t P ) ®H A ®S A ^> H k on (t P ) given by 
H (r, 770, v) = V~ d A >G A > [t ■ rj\ - i] Q . 

Note that -ff(0, 0,0) = 0, H is continuous and linear in the last two variables, 
and -ff*3(o,o,o) = —Identity. One can also show that H is C 1 (see [8] for ex- 
ample). So the implicit function theorem says that there exists an e > so if 
IMIff* i ll 7 7o||//'« < e, there exists an 77(7-, 770) such that H(t, rj , ti(t, r] )) = 0. Let 
?7o € H A be arbitrary, and r £ H k on (t P ) so that ||r|| ff fc < e. Choose iV > so 
that || (l/N)r]o\\ H k < e. Then using linearity in the last two variables we have 
H(t, r)o, Ntj(t, (l/N)r) )) = 0. Since 77 := Nr)(r, (1/N)r) ) £ H A , we have 

Vo = V - d A>G A ,d* A ,ri 
= Pa>(v)- 
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So we have a solution for 770. Now set h to 



h:=h - G A 'd*A>r)- 

Since ho satisfies boundary conditions and G A > maps H^ 1 into H*+^(tp), we 
have h E H^^(tp). Furthermore 

d A >h = d A >(h + G A 'd A ,r]). 

Thus, by Q2.44p . we have found a solution to ($a)*(t,o) (?7, h) — Ad{g~ 1 )(d A 'ho + 
r]o). Thus we have surjectivity for small r. Hence & A is a local diffeomorphism 
at all points, and therefore a diffeomorphism. Local triviality is thus proven, and 
we have finally shown that C^ on A / G^on 1S a Hubert manifold and C* on A — > 
C con,A /Gcan is a principal bundle. □ 
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Chapter 3 

The Holonomy of the 
Coulomb Connection 

Now that we know that the bundle C^ on Aq — > C^ on Ao /Qcon 1S a principal bundle, 
we can consider holonomy group. The connection we will consider is the called 
the Coulomb connection whose connection form at is defined as GaoI* a . Then 
the corresponding horizontal at V a is Ha- Recall the definition of Ha as 

H A = {aeH* on (n 1 (t P )):d A a = 0}. 

This connection is natural in the sense that Ha is the L 2 orthogonal complement 
to the vertical vectors at Va- Indeed, one can show that given 7 G Lie(Q^^) = 
i/k+ 1 (fi 1 ({p)), the fundamental vector field associated to 7 is oIaJ- Hence the 
vertical vectors are those vectors of the form oIaJ for some 7 G Lie(^+ l 1 ) (see jS] 
or JSj)- By the same reasoning as the proof of Lemma 7.1 in J^jj the Coulomb 
connection is indeed a connection on Cj? onAo — » C^ on Ao /Q^ . 

We begin our investigation of the holonomy group by considering the image 
of the curvature form Q of the Coulomb connection. Let TZa be the curvature 
form of the Coulomb connection at V^. By the same calculation in the proof 
of Lemma 7.2 in we have 

K A (a,0) = -2G A ([a-0\), fora,/3G# A . (3.1) 

In this investigation, certain types of coordinates at the boundary are useful, 
and are the subject of the next section. 

3.1 Coordinates at the Boundary 

Consider the following system of coordinates at the boundary that satisfy the 
following: 

Al. d/dx n is orthogonal to d/dxi, . . . , d/dx n -i on the boundary. 
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A2. d/dx n has norm 1 everywhere. 

A3. d/dx n is the inward pointing normal vector on the boundary. 

We describe such a coordinate system as Type A. Fortunately, this defintion is 
not in vain, as such coordinates always exist: 

Proposition 24. Let M be a Riemannian n-manifold with boundary. A coor- 
dinate system {x\, . . . ,x n } satisfying A1-A3 above exists around each point of 
the boundary of M . 

Proof. The following construction is based on Jl] and ^IJJj an d US] uses this 
type of coordinates. Let p be a point on the boundary. Take a chart on the 
set U near p with coordinates (y±, ... ,y n ) and image in the upper half space 
so that ^^(O) n U = dM n U . Then the function u{y\, . . . , y n ) :— y n satifies 
m _1 (0) = dMDU. Let v be the inward pointing normal. For any point p' € dM, 
d p iu{v) — c ■ d/dy n u = c > where c = ||9/9j/ n || _1 . Let X be a local vector 
field that is dual to the 1-form du, i.e. X — grad u. Since u has no critical 
points, X never vanishes. So we may set Y = X/(\\X\\). Then, as in [T2], we 
may consider the flow of Y, denoted As in |Tj2], <& : [0,6) x dM n U — > 
U is a diffeomorphism for some 6 > 0. We now define coordinates via this 
diffeomorphism: Let xi : dM — » R be coordinates for 9M n J7, with inverse ijj. 
Define Xi : U — > R be defined as 

and define x„ : C/ — > R as 

cc„($(t,g)) = t. 
These {x\, . . . ,x n } are coordinates on U. Now, note that 
d_ 

= (X,X/\\X\\)(® t0 (q)) = \\X\\(<Z> t0 ( q )). 



;(uo^ t ( q ))\ t=tQ = du(X/\\X\\)(<f> tQ (q)) 



Hence, since u o &o(q) = u (<z) = 0, we have 



tt(* t (g))= / ||X||(* fl (g))d S . 



o 

Using the above, we see that on the boundary, 

du ( tt - ) = = dx n f tt - ) ,for i < n 

V OXi J \OXi J 



Hence, 



dw|9M = • dx„|gjw. (3.2) 
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Now we can start showing that our properties are satisfied. For a function / on 
U 



Thus, d/dx n = X/\\X\\. In particular, ||9/&E n || = 1, satisfying property A2 
above. For i < n, on the boundary we have by (|3.2|l 

= Jt^ q ^ = j t ( Xi ^ q ^ = J\xJ\ dXl( - gT&d u) 

= pTT <Mgrad x t ) 

= dx n (grad Xi) = (grad x n ,grad Xi) 
= 9 m - 

Since {g 1 - 1 } is a symmetric matrix, this implies that <^ n = on the boundary, 
proving property Al above. As for property A3, since Qi n = 0, tJ- is normal to 
the boundary. So it is either inward or outward pointing. Since (xi, . . . , x n ) is a 
chart on the upper half plane, we have that jj- is inward pointing by definition, 
completing the proof. □ 

We will also have the occasion to use a slightly different type of coor- 
dinates on the boundary. If in the proof of Proposition we instead let 
Y = A/||grad X\\ 2 where X — grad u, and let \E" be the corresponding flow, 
then 

|(«o = du(X/\\X\f) = (X,X/\\X\\) = 1. 

So u(^>(t, q)) — t. So we can let y n — u and yi(^(t, q)) :— yi(q) i — 1, . . . n — 1, 
where (j/i, . . . , y n -x) is a chart on the boundary. Then following reasoning 
similar to the proof of Proposition 1241 gives us coordinates that satisfy 

Bl. d/dy n is orthogonal to d/dyi, . . . d/dy n -i everywhere. 

B2. d/dy n is a positive (perhaps nonconstant) multiple of the inward pointing 
normal. 

The last condition follows from the fact that du(v) > on the boundary. We 
creatively describe such coordinates as Type B. In what follows, we will use 
{xi, X2, X3} to denote Type A coordinates and gij to denote the associated 
metric tensor. For Type B coordinates, we use {2/1,2/2,2/3} and {hij}. 

Also, if is the metric tensor of a Type B coordinate system, note that by 
condition Bl we have 

^ 33 h 33 HgradwH 2 
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3.2 Mean Curvature 



It turns out that the mean curvature of the boundary comes into play in our 
characterization of the image of the curvature form. We give a brief explanation 
of mean curvature and calculate it using Type A and Type B coordinates. We 
use 4 for this background. Let / : S — > M be an immersed submanifold, and 
let V be the Levi-Civita connection on M. The second fundamental form B is 
a mapping B : T p S x T p S — * (T P S) given by 

B(x,y):={V x Y) N , (3.3) 

where Y is any local extension of y, and Z N is the normal component of a vector 
Z £ T p M with respect to S. While not immediately apparant, it one can verify 
that B is well-defined, symmetric, and a bilinear mapping of C°°(S) modules 
(see 0]). Given a fixed n £ (TpS)- 1 , the Riesz representation theorem gives us 
a mapping S v : T p S — > T p S satisfying 

(S v (x),y) = (B(x,y), V ). (3.4) 

One can show 

S v (x) = -(V x 7y) T , (3.5) 

where fj is a local extension of rj, and Z T is the tangent component of a vector 
Z £ T p M. 

The trace of this operator is important. S 1 is called minimal if tr(S^) = 
for all r\ £ (TpS*)- 1 and p £ S. If 5 is an oriented hypersurface and r] £ (TpS) 1 - 
has norm 1 and is pointing in the direction corresponding to the orientation, 
then 

H - ddb) te ^ (3 - 6) 

is called the mean curvature of /. For us, the relevant immersion is t : dM — > M 
and the normal vector will be the outward pointing normal which we denote — v 
(so the inward pointing normal is still v). 

A certain quantity will come up often when working with Type A coordinates 
on our 3-manifold M. Let {gij} be the metric tensor in a Type A coordinate 
system, and let a — ^ det(gij) . Note that a never vanishes. Then we can 
consider the function on the boundary 

r(x) = |^(x) ■ * (3.7) 
0x3 a(x) 

Two natural questions now enter ones mind: is this r globally well-defined, and 
what does this have to do with mean curvature? 

Proposition 25. Consider the immersion 1 : dM — > M. Then the mean 
curvature H satisfies 

H = lr. (3.8) 



36 



Since mean curvature is globally denned (on dM), so is r. 



Proof. Let {x\, X2, £3} be Type A coordinates at the boundary, and let 5^ and 
TYj be the corresponding metric tensor and Christoffel symbols, respectively. 
Since the connection we are considering is the Levi-Civita connection, we have 



dx k 



(see, for example, 0]). By our choice of coordinate system, we have 513 = 523 = 
g 13 = g 23 = on the boundary and are tangent to the boundary. So 

on the boundary, 



r 1 

1 13 



fci 



1 ( 9 . . d . . 9 , i M 

2te (53l)+ ^ ( " u) ~^r (ffl3))9 

2fe (532) + ^ (3l2) "^ (5l3))5 



2 V^3 
A similar calculation yields 



= -' (.9ii).9 n + 



dx; 



1 



23 







■(5i2)5 2 



o ^-(512)5 + -7TT (522)5 



2 V&r. 



Now, on the boundary, note that 

11 522 22 5n 



5 



det(ffy)' 5 det(5y)' * ' det^)' 
Using a Laplace expansion on the bottom row of (gij), we also have 



dx 3 



:, 5 12 =5 21 



512 



512 513 

522 523 



532 ■ 



511 513 
521 523 



det(g i3 ) = 531 • 
On the boundary, 

531 

Since 533 = 1 everywhere, we have by product rule 



533 • 



5n 5i2 
521 522 



512 513 




5ii 


513 


= 532 = 


522 523 


521 


523 



0. 



— de t( 9ij ) = — 



5n 512 
521 522 



on dM. 



(3-9) 

(3.10) 
(3.11) 
(3.12) 

(3.13) 
(3.14) 



(3.15) 
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Combining $FT% . (|3~T3|) . jSHg) , and l|3~T^. we have 



1 



2:; 



2det(<7y) \dx 
1 d 



d d d 

7T-(5ll)522 + (322)511 " 2 — (312)512 



dx 3 



9X3 



2det(gij) <9x 3 
1 9 
2det(flry) <9x 3 
r. 



311 312 

312 322 



(detfe)) 



Hence, 



H = 



1 



9 



d 



tr(Sv) = — ( (V^(- — ))! + (V^(- — )) 



= 5(^3 + ^3) 
1 

= 2 T ' 

as desired. □ 

We can also write r in terms of Type B coordinates: 

Lemma 26. Let {31,2/2,33} be Type B coordinates. Let {hij} be the associated 
metric tensor and let c := ^/det(/iy ). TTien 

2r = 2^ • d(V^" X (f)) + 

c 

Proof. Let {yi, 32, 33} be Type B coordinates. Also consider Type A coordinates 
{xi, X2, x%} constructed with u = y 3 . Then x$ = yi on the boundary for i = 
1,2,3. In particular, this means that 



dxj 

9yj 



Sij for i = 1,2,3, j = 1,2, 



where B is the derivative matrix of the coordinate change. Also, on the bound- 
ary we have 

033 ox 3 

So 6^3 = %//i33<5i3. So B is determined on dM . Also, on the boundary for 
i,j = 1,2 







d_ 

dyi 



(M 



d ( dx 



d f dx 



dy 3 \dy 



% \dy 3 
d 



^33 
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So on the boundary 



Hence, on the boundary 



dx 3 



(bij) for i, j = 1,2. 



det(-B) = 633 = V^33 



and 

^ (det(B)) = i-J hl 

d 



bu b 13 

^22 &23 

d 



- »32 



bu 613 

&21 &23 



+ &33 



fe3 (&33) = ^ ( ^ 33) - 



b 12 
bi\ 622 



Let t/ij be the metric tensor of the x^s and a :— ^ det (gij). Then 

„ da 1 9 . , , 1 
dx 3 a 8x 3 y " det{ gij ) 



Since 



_d_ 

dx 3 



{detiB- 1 ) 2 det(hij)) 
d 



dct(B- 1 ) 2 det(/i 



13 J 



= (2det{B~ 1 ) — (det(B- 1 ))det(/i ij ) + 

det(^-Y^(det(/, j ))) det(g _ 1) 1 2det( ^. ) 



9 / , /, u 1 „ 9c 1 

— det (hij - =2- 

<9x 3 det(/iy) 9x 3 c 



and = i/, we have the result. 



□ 



3.3 The Image of the Curvature Form 

We will use this r to prove the following lemma, which relates to the image of 
the curvature form. 

Lemma 27. Suppose M is a 3-manifold with boundary, k + 1 > 3/2, a, (3 € 
ff^p) n #a and V A e C c fe on , Ao . Then 

d A [a ■ (3]{v) = -2r[a • /?] on <9M, (3.16) 

where v is the normal inward pointing vector field. 

Since k + 1 > 3/2, note that [a-/3] is C 1 , and thus cU[a-/3] is continuous. Hence, 
the above equality is true not just in the trace sense, but as an equality of two 
continuous functions. 
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Proof. We will use Type A coordinates (xi, x%, 2:3), and assume that the vector 
bundle ip is also trivialized in this neighborhood. Recall that the metric tensor 
in this coordinate system has the feature that gi 3 = Si 3 on the boundary, and 
333 = 1 everywhere. Thus, g l3 — 5 i3 also on the boundary. Also, is the 
inward pointing normal vector on the boundary. Take a, as above and define 
cti and f3i so that a = J2i=i otidxi and (3 = Yli=i Pidxi- Since we are assuming 
tp has a fixed trivialization in our neighborhood, we can view the on and (3i 
as 6-valued functions. Also, since gfj is the inward pointing normal vector and 
a, (3 satisfy conductor boundary conditions, we have 

oti = a 2 = fix = /3 2 = on dM. (3.17) 

Let d be the flat connection with respect to our fixed trivialization of tp and de- 
fine a 6- valued 1-form A so that dA — d + A. Define Ai so that A = Y^f=i Aidxi. 
On this coordinate patch, we have 

3 3 
[a ■ (3} = [a^PkKdxj ■ dx k ) = £ [a,, W*. (3.18) 

j.k—l j,k—l 

Taking the derivative dA yields 

3 

d A ([a-(3}) = d A[aj,0k]9 jk ) 
j,k=l 
3 

= ]T [dA(aj), k ]g jk + [a ,d A {fa)W k + [a , (i k ]d{g' k ) 
j,k=l 

If both j, k < 3, then aj = f3 k — 0, and hence 

[d A ( aj ), k ]g jk + [ aj ,d A (p k )y k + [a 3 ,p k W k ) = on dM. (3.19) 

Suppose j = 3 and k < 3. Then /3 k = on dM by (|3T7|) . and g 3k = on dM 
since we are using Type A coordinates. Thus, l|3.19|l holds in this case also. 
Similiarly, if j < 3 and k — 3 then aj = and g^ 3 = and thus l|3.19|l holds. 
In sum, we have 



d A {[a ■ (3])\dM = [dAOfiiPz] + [a 3 ,d A (3 3 ] + [a 3 , (3 3 }d(g 33 ). 
Using the adjoint matrix, we see that 



(3.20) 



,33 



.911 312 
321 322 



Combining the fact that 



3ii 
321 



312 
322 



det(^) 

= det(gij) on dM and (|3~TK|l yields 



a 

> 1 ;s 



9n 9i2 

321 322 



det(3i 



3ii 

321 



312 
322 



(afrdet^)) 



dx 3 



det(3i i ) i 



= on dM. 



"(3.21) 
(3.22) 
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Hence, we have 

d A {[a-(3])\ dM {-^-) = [^3(^)^3] + [ a3)dA/ 3 3 (JL)]. (3.23) 

We will leave d,A([a • P])\dM for the moment and investigate what d* A a = 
d* A (3 — means in our coordinate system. We will calculate d* by using the 
Hodge star operator. One can verify that 

*dxj = a(g jl dx2 A dx% + g^dx-j, A dx\ + g- 1 dx\ A dx2), 



where a = ^/dct^) = 1/ ^Jde\jjf<>). Using this, we calculate 
— d*a — *d * (aidxi + a>2dx2 + asdxz) 

= *d aj{g^ l dx2 A dx% + g^ 2 dx 3 A dx\ + g j3 dx\ A dx2) 

= *(da) a j9^ 1 dx2 A dx3 + ajg ]2 dx 3 A dx\ + ajg^dxi A dx2 

d d d \ 

^ dx^^ 9 ^ + dx^^ 3 ' 9 ^ + dx^^ 39 ^ * ^ adxi A dX2 A dXs) 

f(da) a.jg ]1 dx2 A dx% + ctjg j2 dx3 A dx\ + otjg j3 dxi A rfx2 



By (|3.17() and the fact that g|- , g|- are tangent at the boundary, we have that 
for i = 1,2, j = 1,2 

A (a .^)| aM = (^_( a .yi + a .^_(^i))| aM 
= ov' i + o-^-(^ i ) = o. 

Also, since are tangent to the boundary, we also have for i = 1, 2 



8M 



(a 3 g 3l )\dM = (^(a 3 )g 3l + a 3 — (g 3i ))\ t 



TOi era. 

= ^(a 3 )-0 + a 3 -0 = 0. 
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Finally, for j — 1,2: 

= ^-K)-o + o-A (ffJ 3 ) = a 
ox 3 0x3 

Hence, — d*a on the boundary reduces to 

d 

-d*a\ dM = —(g 33 a3) + *{da)(g 33 a3dx 1 f\dx 2 ). 
We showed that <9/<9x 3 ( 5 33 ) = in ijlHIJ) . Thus, we obtain 

-d*a|9M = — (a 3 ) + *(da)(g 33 a3dx! A dx 2 ) 
0x3 

d , . 1 9a 
= ^— ("3) + -o— (a 3 ). 

Since d^a = cTa — [A • a], we have, 

-a>U = ^- + -p-(a s )-[a-A] (3.24) 
0x3 a aa;3 

<9a 3 1 9o , , . . . . . 

= dx-3 + a0^ ia3) + [A3 ^ 1 (3 - 25) 

where we used (|3.17|) and 1|3.18[1 (replacing (3 with A) in the last line. Of course, 
an analogous statement holds for f3 replacing a. 
We now revisit l|3.23|l and plug in (|3.25(l : 

d A {[a ■ I3])\q M (v) = [d A a 3 ,fa](d/dx 3 ) + [a s ,d A fa](d/dx 3 ) 

= [^-,fa] + [[A 3> a 3 ],fa] 
0x3 

+[a 3 , |^] + K [A*M 
0x3 

= -[~Q^T a 3 + [^3, as] +^a,/3 3 ] + p 3 ,a 3 ],/? 3 ] 

-[as, -^#5 + [^s,j8s] + <Ci$ + [as, [A3, 0s]] 
2 

= — ^— [a 3 ,/3s] - [d A a, fa] - [a 3 ,d* A 0] 
a 0x3 

= -2r[a ■ /3]| 9 m - [d* A a,p{v)] - [a(i^),^/3], 
= -2T[a-P]\ dM . 

where we again used (|3.18ll on the second to last line, as well as the fact that 
a, (3 € H A . The lemma is thus proven. □ 



42 



Inspired by the previous result, we define a linear map 
T A :Ue(g%£)->L 2 (t P \ gM ) 

given by 

T A {f) = d A A A f + 2rA A f. (3.26) 

Counting derivatives (note that Lie(C/^+ 1 1 ) = H k ^{t P )), and using Theorem 9.3 
in ^7], we see that T A is well-defined and bounded. Define a set C A C Lie(^^+ 1 ) 
as 

C A := Span{^A(a • P) : a, p € fix} (3.27) 
The previous lemma yields 

Corollary 28. The set C A is contained in ker(T^). In particular, since T A is 
not identically 0, we have that C A is a proper subset of \Ae{Q k ^;) . 

Proof. Let g e C A . By Lemma l2"Tl since 

R A (a,0) = -2G A [a-0\, 

A A f satisfies 

T A (g) = d A {A A g){v) + 2r(A A g) = 0, 
proving the corollary. □ 

This corollary shows that the image of the curvature form can never be dense 
in the gauge algebra, unlike the case in |16| . 

3.4 A Partial Converse of Lemma 1271 

The natural question now is whether the converse of Lemma |23 holds. A quick 
argument shows that it cannot. 

Lemma 29. The converse to Lemma \WJ\ does not hold. More specifically, there 
exists f G ker(TA) — C A if the connection V A S C k on Ag also lies in C k ^ A . 

Proof. Suppose V A £ C c fc +\. Note that C A C H k + 2 (t P ) since V A G C*£ Aq , 
and thus G A : H k (t P ) — > H k +^(t P ) exists by Proposition^ However, the 
domain of T A is Lie(^+ i 1 ) = H%£(t P ). This disparity in regularity will sink the 
converse as follows. We first construct / £ H k ~ 1 (t P ) that is not in H k (t P ) and 
is in a neighborhood of the boundary: Take an open subsets U C W C M such 
that U C W, W C M and take / G -ff fc_1 (ep|t;) -i? fc («p|a) and / e ff fc - 1 (W'). 
Take a smooth function £ : M — > [0, 1] such that £|p = 1 and supp(() C VF. 
Then f :=(■/£ H^^w) , and we can extend / by to have / e i? fc_1 (Jp). 
By the equivalence in Section 4 of [TT| . since f\u — f ^ H k (t P \u) we have 
/ ^ H k {t P ). However, we do have that / is in a neighborhood of the boundary. 
Set g := G A f. Then g e JT&^p) = L^D- H 5 e ff fe+2 («p), then 
/ = A A g e H k which is a contradiction. So g € ff*+ 1 (Hp) - H k +^(t P ), and 
A^g = / vanishes in a neighborhood of DM, so dA{&Af)ty) = = 2t(A^/). 
So, g £ ker(TA), but not in H k+2 (t P ) and thus not in C A , as desired. □ 
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In the previous lemma, regularity considerations sunk the converse. How- 
ever, if we took regularity out of the equation, perhaps the converse would hold. 
In other words, perhaps we have 



So that the Green operator Ga maps smooth functions to smooth functions, we 
also want the connection to be C°°. In this setting, the converse does for 
a specific set up. Namely, if P is the trivial bundle O x A — > O for a bounded 
open set OCR 3 with smooth boundary with and the base connection Va is 
the flat connection. In this set up, Kp is isomorphic to O x K — > O, and tp is 
isomorphic to O x I — > O. So we can view gauge transformations g as A"- valued 
functions on O, gauge algebra elements ip as t-valued functions, and 6p-valued 
forms as t-valued forms. 

As in Chapter 2, we denote the flat connection as Vo- This means we should 
denote exterior differentiation by do, but since Vo = d (as asserted in Chapter 
2), we will instead simply use d without a subscript. Similiarly, we denote dp 
by simply d*. 

To do prove the converse of Lemma E| in this case, we proceed locally. We 
first consider interior neighborhoods. For this, we prove a lemma originally 
outlined by L. Gross. 

Lemma 30. Let {a,b) 3 be a cube in M 3 , and let "J : (a, 6) 3 — > I be smooth and 
have compact support. Then ^ g Span{[a-/3] : a, (3 <E C^°(A 1 ((a, 6) 3 <g>6)), d*a = 
d*/3 = Q}. 

Proof. Since 6 = [6, t] by semisimplicity, without loss of generality we can assume 
^>(x,y,z) = ip(x : y,z) ■ [A, B], where A, B are fixed elements of t and -0 G 
C^°((a, b) 3 ). Choose c,d,i,j,k,l € K so that supp(ip) c (c, d) 3 and a < j < k < 
i<c<d<l<b. We can then find a function h : (a, b) 3 — > R so that 

1. h is smooth 

2- /l|[ C ,d]3 = "0, 

3. supp{h) C (j,d) 3 , 



kerT A n C°° = L A n C 



'OO 



4. fj h(x, s, z)ds — for any fixed x, z. 

5. h(x, y, z) = if (x, z) ^ (c, rf) 2 . 

6- /i lyG( l ,c) = 0. 



Specifically, define 
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where C is chosen so the integral of r\ is 1. Let I(x,z) := J c ip(x, s, z)ds, 
and finally define h(x, y, z) := —I(x, z)i](y) + ip(x, y, z). One can check that h 
satisfies the above properties. 

Define F : (a, b) 3 — > R as F(x, y, z) — h(x, s, z)ds. Then F is smooth and 
supp(f) C (j, d) 3 by Properties and 0] above. Also, it is clear that F y = h. 
We now construct another function G : (a, b) 3 — > R. Define G as G(x, y, z) — 
<j)(x)v(y, z), where <j> : (a, b) — > R is constructed so G C^°(a, 6) and </>\[ c ,d](x) — 
x, and v : (a, 6) 2 — > R is constructed so u|[ c ,d] 2 = 1> an d supp(v) C (i, Z) 2 . Then 
G x |r C]£ ;]3 = 1, and has compact support. Let us consider 0(x, y, z) := F y (x, y, z)- 
G x (x, y, z) = h(x, y, z) ■ G x (x, y, z). We will show that 0(x, y, z) — ip(x, y, z) by 
looking at it in cases: 

First, if (x,z) £ (c, d) 2 , then by property |5] we have h(x,y,z) = = 
ip(x,y,z). So for our next cases we can assume (x, z) G (c, d) 2 , and thus 
G x (x, y, z) = v(y, z). If y 6 (a, z], then u(y, z) = since supp(y) C (i, Z) 2 . Hence, 
0(x, y, z) = = -0(x, y, z). If y G (j, c), then ft,(x, y, z) = by propertyEl and so 
y,z) = = ip(x, y, z). If (x, y, z) G [c, d] 3 , then 0(x, y, z) = ip(x, y,z)-l = 
ip(x,y,z). And finally, if y G (d, 6), then h(x,y,z) = = ip(x,y,z). Hence, in 
all cases, 0(x, y, z) = ?/>(x, y, z). 

Now define 2-forms u>i, as lu± = —F ■ Ady A dz and u>2 — G ■ Bdz A dx. 
Let a :— d*ui\ and /3 := d*u>2- Since (d*) 2 = 0, we have d*a = d* (5 = 0. Now, 

a = d*(u>i) = *d* (wi) = *d(-F ■ Adx) 

= *(F y ■ Adx Ady- F z ■ Adz A dx)B = -F z ■ Ady + F y ■ Adz. 

Similarly, 

/3 = *d(G ■ Bdy) = *(G x Bdx Ady — G z Bdy A dz) = —G z ■ Bdx + G x ■ Bdz 
Since = ip, 

[a -0\ = [0, G z ■ B] + [F z • A, 0] + [F y A, G X B] 
= i/>[A,B]=9, 

as desired. □ 
We extend this result to any domain O. 

Lemma 31. Let O C R 3 be a bounded open set. Then C^°(0®6) = Span{[a-ft : 
a,0€C™(A 1 (O®t)),d*a = d*P = O}. 

Proof. Let * G C c °°(0 ® t) be arbitrary. Let {C k )l =1 be a finite family of 
open cubes that cover the support of VP and are contained in O. Let {A&} be a 
partition of unity subordinate to the cover {Ck}- Then the function A& • \& lies 
in C^°(Ck ® t). By the previous lemma, there exists sequences {aj}^, {/3»}j=x 
such that each a i: ft G (A^C* ® t)), = d*ft = and A fe ■ $ = Y^=l Wi • 
ft] on Cfe. Extending the a's and /?'s by zero, we have a,, ft G C^ ,o (A 1 (0 (8> 6)), 
cfa = d*/3 = 0, and A fe • $ = [«i ■ ft] on 0. Thus, A fc • $ G S'panjla • ft : 

a, /3 G C^°(A 1 (0 ® t)),d*a = d*/3 = 0}. So, * = ELi( A fc ' *) e Span{[a ■ ft : 
a,/3 G (^(A^O <»«)), <fa = d*/3 = 0}, as desired. □ 
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We now look at neighborhoods of the boundary of O and see if all the smooth 
"J that satisfy the boundary condition of Lemma 12 71 are in the desired span. We 
see that this is so. 

Lemma 32. Let OcM 3 be open and bounded, and let U be a neighborhood of 
O that includes the boundary, admits the Type B coordinates {y±, y2, J/3}, and is 
a cube under these coordinates. Let "J : U — > t be smooth, have compact support, 
and 

d$(v) = -2t* on dO n U. (3.28) 
Then * € Span{[a • 0\ : a, /3 € C* C °°(C/ 6)); d*a = d*(3 = 0; a, (3 satisfy CBC}. 

In the preceeding lemma and in what follows, a smooth 1-form a satisfies 
conductor boundary conditions (or CBC for short) if a G H^ on (tp) as well as 
being smooth. This is equivalent to saying that t*(or) = 0, where 1 : dM — > M 
is the inclusion, or saying the tangential component of a on the boundary is 0. 
Also, viewing U as the cube (0, 1) x (0, 1) x [0, 1), a function / G C^°(U) has its 
support contained in (e, 1 — e) x (e, 1 — e) X [0, 1 — e) for some e > 0. The point 
is that it need not vanish on the boundary {j/3 = 0}. 

Proof of Lemma \3°/A Let {vt} be basis of t. Then we can write \& = J^^i " v i- 
Since the basis elements are independent, by Ij3.28|l we have that dipi(v) — 
—2ripi- Since 6 is semisimple, each basis element Vi can be written as a sum of 
commutators Vi = Yl^i [fp 9j]- Hence, we can write $ as 

i j=l 

So without loss of generality we can assume ^ — tp ■ [A, B], where A, B are fixed 
elements of t and tp G C%°(U) and dip(v) = -2rip. 

Coordinatize U using Type B coordinates (yi, 2/2,2/3) under which the domain 
is a cube. Then, without loss of generality U = (0, 5) x (0, 5) x [0, S) under 
these coordinates. Here, let a := dct(hij) , where hij is the metric tensor of 
our chart. 

Choose c, d, i, j, k, I G K so that supp(tp) c (c, d) x (c, d) x [0, d) and < j < 
k<i<c<d<l<S. We can define a function h similar to the h in LemmalSTil 
This time we set h{yi,y 2 ,yz) = -I{yi, y3)v(V2)+h 33 (yi, y 2 , 2/3)0(2/1, 2/2, 2/3)^(2/1, V2 
where r\ is the same bump function from Lemma 1301 and 

I(Vl,V3) = J h 33 (y 1 ,s,y 3 )a(yi,s,y 3 ) 2 ip(yi,s,y 3 )ds. 
Then h has the following properties, analogous to the previous case in Lemma 

EDI 

1. h is smooth 

2- %c,d]x[c,d]x[0,d] = ^ 33 (2/l,y2, 2/3)0(2/1, 2/2, 2/3) 2 -0l[c,d]x[c,d]x[O,d], 
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3. supp(h) C (c, d) x (j,d) x [0, d), 

4. J^ 2 h(yi, s, y 3 )ds = for any fixed 2/1,2/3 and j/ 2 > d or y 2 < j, 
5- %, c ) = 0. 

h has an additional property. Using Lemma 1261 we have 



d{h 33 a 2 ■ 
dy 3 



, dxfh 33 

2 V/^-^a 2 ^ + h 33 2a 



dy3 



1 dVh 33 



/ p3 dy 3 



= h 33 a 2 

= on dO n 17. 
Hence, differentiating under the integral yields 

dh 
dy 3 



da 

dy 3 
1 da_ 
a dy 3 



ij; + h 33 a 2 ■ -^-(3.29) 



dip 
dy 3 
dip 
dy 3 



on dO n rj. 



(3.30) 
(3.31) 

(3.32) 



Define F : U — > R as ^(2/1,2/2,2/3) = Jo h(y\, s,y 3 )ds. Then F is smooth 
and supp(F) C (c, d) x (j. d) x [0, d) be Properties |3] and 0] above. Also, it is 
clear that F 2 = /i. Also, by (|3.32|) . differientiating under the integral sign yields 



dF 
dy 3 



= OondOnU. 



(3.33) 



We now construct another function G : [0,(5] 3 — > R which is completely 
analogous to the G in Lemmal3Hl Define G as G(yi,y 2 , 2/3) = Vi (2/1)^2 (2/2)^3 (2/3), 
where : [0,1] — > R is constructed as follows: v\ £ C%°(0,5), vi\[ c ^]{x) — 
a:, and supp(vi) C v 2 £ C%°(0,5), v 2 \[ c ,d] — 1, and supp(v 2 ) C (i,Z); U3 € 

«3|[o,d] = !: and supp(v 3 ) C [0,Z).Then Gi| [c ^ ]><[C:rf]x [o. d ] = 1, and 
has compact support in U. Let us again consider 8(2/1, 2/2, 2/3) := F 2 {y\, y 2 , y 3 ) ■ 
Gi (2/1. 2/2, 2/3) = ^(2/1.2/2,2/3) ' (^1(2/1,2/2,2/3), and show that 9 = /i 33 a 2 'f/> by 
looking at it in cases: 

First, if (2/1,2/3) ^ (c,d) x [0, d), then by property we have h(y 1 ,y 2 ,y 3 ) = 
= h 33 (y 1 ,y 2 ,y 3 )a(y 1 ,y 2 ,y 3 ) 2 ip(y 1 ,y 2 ,y 3 ). So now we can assume (2/1,2/3) G 
(c, d)x[0, d), and thus Gi (2/1, 2/2, 2/3) = 1*2(2/2) < If 2/2 € (0,i], thenv 2 (y 2 ) = since 
supp(v 2 ) C Hence, 8(2/1,2/2,2/3) = = h 33 (y 1 ,y 2 ,y 3 )a(y 1 ,y 2 ,y 3 ) 2 ip(yi,y 2 ,y 3 ). 

If 2/2 € (i,c), then h(yi,y 2 ,y 3 ) = by property and so 8(2/1,2/2,2/3) = 
= h 33 (y 1 ,y 2 ,y 3 )a(yi,y 2 ,y 3 ) 2 ip{yi,y 2 ,y 3 ). If 2/2 € [c,d], then (2/1,2/2,2/3) € 
[c,d] 2 x [0,d]. So 



8(2/1,2/2,2/3) 



h 33 (yi,y 2 ,y 3 )a(y 1 ,y 2 ,y 3 ) 2 ip(y 1 ,y 2 ,y 3 ) ■ 1 
h 33 (yi,y 2 ,y 3 )a(y 1 ,y 2 ,y 3 ) 2 ip(y 1 ,y 2 ,y 3 ). 



And finally, if 2/2 G (d, 5), then by property|21 

^(2/1,2/2,2/3) = = h 33 (yi,y 2 ,y 3 )a 2 (y 1 ,y 2 ,y 3 )4>(yi,y 2 ,y 3 ) 
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Hence, in all cases, 6(2/1,1/2,2/3) = h 33 (y 1 , y 2 , y 3 )a 2 (y 1 , y 2 , 2/3)^(2/1, 2/2, 2/3)- 

Now define 2-forms wi, 0^2 ascji = — F-A(* _1 (<i2/i)) and oj 2 = G-B(*~ 1 (dy 2 )). 
Let a := d*uj 1 and /3 := d*u> 2 . Since (eP) 2 = 0, we have d*a = d*/3 = 0. Let 
h(i,j) be the i, j minor of the inverse metric tensor matrix h lJ . Also, given 
distinct j, k e {1, 2, 3}, let k) be the number in {1, 2, 3} that is neither j nor 
fc. Also, define sgn(j, k, i(J, k)) as +/ — 1, whichever satisfies the equality 

dyi A dy 2 A dy 3 = sgn(j, k, k))dy 3 A dy k A dy^ j>k ). 

Then one can check that 

*(d W A dy k ) = B gn(3, fc, fc))o ■ ^(-l) i+i ^M^ fc), OdW- (3.34) 

So we calculate 

a = d*{ui±) — *d * (ui±) — *d(— F ■ Ady±) 
= *{F 2 Ad Vl A dy 2 - F 3 Ady 3 A d yi ) 
= (a ■ ]T(-ir +1 (F 2 /i(3,i) + F 3 h(2 ) i))dy i )A. 

i 

Note that in our Type B coordinates we have h(3, 1) = h(3, 2) = always. So 
since F 3 = on the boundary by (|3.33|) . a satisfies CBC. Similarly, 

/3 = *d(G-Bdy 2 ) = *{G 1 Bdy 1 Ady 2 ~G 3 Bdy 2 Ady 3 ) 

= (a ■ ^(-ly+^Gih&j) - G 3 h(l,j))d Vj )B. 

j 

Since v 3 (y 3 ) is constant for y 3 S [0, d], we have G 3 \(0,1) x (0,1) x [0, d] = 0. 
This and the fact that h(3, 1) = h(3, 2) = show that (3 satisfies CBC. 

To calculate [a-/?], we first note that by Laplace expansions of determinants, 
we have 

^2(-iy^h kj h(i,j) = det(h ij )S ik . (3.35) 
3 

Indeed, if i = k then the above sum is the Laplace expansion along the k th 
row of h lJ . If i and k are distinct, then the sum is a determinant of a matrix 
with a repeated row, and thus equal to 0. So using the above and the fact that 
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h % i — h? 1 , we have 

[a-0\ = a 2 (^(-l)' 1+ '''(F 2 ^(3, i ) + F3<?(2, i ))(G l3 (3,jVG3.g(l, i ))^)[A,i?] 
= a 2 (^2(-l) i+j (F 2 G 1 h(3,j)h ji h(3,i) - F 2 G 3 h(l,j)h ji h(3,i) + 

F 3 G!h(3, j)h^h(2, i) - F 3 G 3 h(l,j)h ji h(2, i))[A, B] 
= a 2 det(h i i)J2(F2G 1 h(3,j)-F 2 G 3 h(l,j))6 j3 + 

3 

(F 3 Gih(3,j) - F 3 G 3 h(lJ))8 j2 [A,B] 
= (F 2 Gih(3, 3) - F 2 G 3 h{\, 3) + F 3 G^(3, 2) - F 3 G 3 h(l, 2))[A, B] 
= {F 2 G 1 h(3 ) 3)-F 3 G 3 h(l,2))[A,B}. 

Since v 3 (y 3 ) is constant on [0, d], we have G 3 \(0, 1) x (0, 1) x [0, d] = 0. Since 
supp(F) C (c,d) x (j,d) x [0,d), we have F 3 \(0,1) x (0,1) x [d,l] = 0. Hence, 
F 3 G 3 = 0. So, continuing the above, we have 

[a -13] = (F 2 Gih(3,3))[A, B] 

= (h^^l)[A,B] 
= (det(/i. iJ )det(^')V)[A,B] =ip[A,B], 
as desired. □ 

We now extend this to a global result, and prove our main lemma. 
Lemma 33. Let O C R 3 be a bounded open set. Let f e C°°(0 (g) 6). Then 

df{v) = -2rf on dO (3.36) 

if and only if 

f S Span{[a • /?] :a,(3e (A 1 (O ® t)) , d* a = d* (3 = Q,a,f3 satisfy CBC}. 

Proof. The backward direction has already been shown in Lemma |2 71 For the 
forward direction, suppose / satisfies df{v) — —2rf on dO. There exists a finite 
cover {Uk}™ =0 of O that satisfies the following: {Uk}™ =1 covers the boundary 
and each U k for k > 1 is a cube in Type A coordinates, and there is a partition 
of unity {Xk}™ =0 subordinate to {Uk}™ =0 so that d\ k (v) = on the boundary. 

Indeed, cover dO with finite Type A coordinate neighborhoods {t//c}/JLi 
where U k = (-6,8) 2 x [0,6). Let W k := (-(5/4, <5/4) 2 x [0,5/4), and V k := 
(-(5/2, S/2) 2 x [0, 6/2). Choose a smooth 7 fc : (-8, 5) 2 — ► R so that Jk\[-s/4,5/4] = 
1 and supptfk) C [—8/2, 8/2). Take a smooth 77 : [0, 8) — > K so that 77 1 [0,5/4] = 1 
and supp(r]) C [0,(5/2). Then set 7^ : [/& — > K as 

7fcO c i,x 2 ,a;3) = 7fc(xi, 22)77(2:3). 
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Then ^k\w k = 1 and supp^k) C Vk- Now, take open sets Wo and E/q of so that 
Wo C Uo, U C O, and {Wfc}JILo covers O. Take a smooth function 70 : O — > R 
such that 7o|iv = 1 and supp~/ C t/o- Set 7 := X)kLo7*j and let A fc := 7/0/7- 
Then {Afc} is a partition of unity with respect to {Uk}™— - Also, on the support 
of 7^ for k > 0, 

a 

dTfcW = ^(??(a;3))7fc(a ; i,a ; 2) = 0. 

Hence, d"fk{v) — 0. For k — 0, 7& vanishes in a neighborhood of the boundary, 
so d^k{v) — for all fc. Hence, ^7(1^) = 0. So, for k > 0, 

dA ;= d^) 7 - 7fc d 7 H =0 ^ 

7 

as we desired. 

With such a partition of unity, we have d(\kf)(v) — —2r\kf on dO. So, 
by Lemmas 1311 and 1321 there exists {$}™=i such that each a^/Jj € 

CFiA^Uk ® t)), d*a, = = 0, a, satisfy CBC, and A fe • / = ELiN ' A] 
on Uk- Extending the a^s and /3,'s by zero, we have «i,/3i € C^°(A 1 (0 ® £)), 
d*a = d*/3 = 0, a,/? satisfy CBC, and A fc • / = £™ =1 [o!i • ft] on 0. Thus, 
A fc -/ G 5pan{[a-/3] : a,/3e C™(A 1 (0®Z)),d*a = d*/3 = 0, a, /3 satisfy CBC}. 
So ; / = ZT=i( A fc • /) e 5pan{[a • /3] : a,/3 G C^A^O <8> «)),d*a = d*/3 = 
0, a, /3 satisfy CBC}, as desired. □ 

Recasting this with our operator Ta, we have 

Corollary 34. Suppose P = O x K — ► O wzi/i i/ie /Za£ connection Vo as i/ie 
6ase connection. Let g G Lie(t/* l n 1 ) 6e smooth. Then 

g G ker(To) i/ and onZi/ if f G £o- 

Proof. Set / = Ag, and apply Lemma 1351 to /. □ 



3.5 The Generation of the Smooth Gauge Alge- 
bra 

In this section we will use brackets of the image of the curvature form to get 
every smooth function in Lie(^+ l 1 ) for the special case P = O x K — > O. The 
main tool will be Lemma |23 The first thing we must do is see how (|3.36|l 
changes when we introduce brackets. More specifically, note that if g G Co, 
then Lemma 031 says that 

d(Ag){v) = -2rA 5 . (3.37) 

We want to know how (|3.37|l changes if g above is replaced by [31,32], for 
Qi G Cq. Indeed, we have 
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Lemma 35. Suppose 31,32 € Co. Then we have 

d(A([g 1 ,g 2 ]))(v)=-2TA[g 1 ,g 2 } + 3[Ag 1 ,dg 2 (v)}+3[dg 1 (vlAg 2 ]. (3.38) 
Proof. First note that 

A( [31,32]) = [Ag 1 ,g 2 ] + [31^32] - 2[dgi ■ dg 2 }. 

So we have 

d(A([ gi ,g 2 ]))(u) = d([Ag 1 ,g 2 } + [ gi ,Ag 2 }-2[dg 1 -dg 2 ])(v) (3.39) 
= [d{A gi ){v),g 2 ] + [A 9l ,dg 2 (v)] + [dgi{v), A 52 ](3.4Q) 
+\ gi ,d(Ag 2 )(u)} - 2d([d 9l ■ dg 2 ]){v). (3.41) 

By Lemma l3*3l we have 

d(A 9i )(v) = ~2rA 9l . (3.42) 

Examining the proof of Lemma 1771 we see that if a,/3 € H^ on (tp) but are not 
necessarily horizontal, then we generally have 

d A ([a ■ 0\)(u) = -2r[a ■ 0\ - [d* A a,p(v)} ~ [a(v),d* A /3]. (3.43) 

The above yields 

-2d{[d gi -dg 2 ]){y) = -2{-2r[d 9l -d 92 ] - [A 9l ,dg 2 {v)] - [d gi (v),Ag 2 ]). (3.44) 
Plugging in ll3~i2l and (|3~4^|) into (|3~BT?|) . we have 

d{A{[ 9l ,g 2 ])){v) = ~2t[A 9i , 92 } + [A 9l , dg 2 {v)] + [dg x (y),Ag 2 ] - 2r[ 9l , Ag 2 ] 
-2(-2 T [d gi ■ dg 2 ] - [A gi ,dg 2 {v)] - [d 9l {v),Ag 2 ]) 

= -2t([A 9i , 92 ] + [31, Ag 2 ] - 2[d gi ■ dg 2 ]) + 3[A 9l , dg 2 {v)] 
+2,[d 9l (v),Ag 2 ] 

= - 2rA( [<?! , g 2 ] ) + 3 [Aft , dg 2 {v)\ + 3 [dg x (v) , Ag 2 ] , 

as desired. □ 

We will now show that the new term in Lemma |3*B1 is actually very general. 

Lemma 36. Let F be a smooth t-valued function on dO. Then there exists 
smooth 9 i,hi € Cq such that 

d(A(J2[9i,hi]))(v) +2TA(J2i9i,hi\) = F 

i i 

Proof. Since t is semi-simple, there exists A il B il Ci € I that 

F = J2fiUi,B i ],C i ] 
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for some real valued smooth functions /,;. So, without loss of generality, assume 
that F = f[[A, B],C] for some 4,B,Ce t 

Take any non- negative, nonzero, real- valued 4> S C%°(0). By the Strong 
Minimum principle, we have G<p > in O. Thus, we can apply Lemma 3.4 of 
!§] to get 

ov 

In particular, d(G4>)(y) never vanishes. We set h := G<f> ■ C . Since Ah = <fi ■ C 
has compact support, h £ Cq by Lemma 1331 

Let {Uk}™ =0 be an open cover of O such that {UkYk=i covers dO and Uk 
are cubes in Type A coordinates for fc > 1. Let {\k}\ n =i ^ e the corresponding 
partition of unity for the cover {Uk n dO}™^ of the boundary. We set 

/ 

fk ■= Afc • 



3d(Gty)(i/) 



In the cube of t/ fc , suppose the a; 3 interval is [0, a]. Choose a C°° function 
7/ : [0, a] — > [0, 1] such that ^|[o, a /4] = 1 and supp(ij) C ([0, a/2]). We can extend 
/fc to a function / on [/fc by 

f(xi,x 2 ,x 3 ) = fk(xi, x 2 )ri(x 3 ) exp(~2r(xi, x 2 )x 3 ). 

Note that the support of / lies in Uk, so / is a function on all of O. On Uk, we 
have 

d 

dfk{v) = ~ — \ X3 =ofk(xi,x 2 )r](x 3 )exp(~2T(x 1 ,X2)x 3 ) 
0x3 

= -2t(xi, x 2 )fk(xi, x 2 )rj(x 3 ) exp(-2r(ici, #2)2:3) 
= -2r/ fe . 

By Lemma l3*3l the above shows that Gfk[A, B] 6 £o- Let g = Y^k=i Gfk[A, B]. 
We now verify that g and h were well-chosen. By Lemma l3*5l and since Ah\oo = 
0, 

d(A([ ff) fc]))(i/)+2rA[ ff ,fc] = 3[Ag,dh(u)]+3[dg(u),Ah] 

= 3[Ag,dh(u)} 

= 3[J2fk[A,B],dG<t>(u)-C] 
k 

= ^^^^[A.BUG^C] 
= }[[A,B],C]]=F, 
proving the lemma. □ 

We are now at the point where we can prove our main theorem. Let T be 
the Lie algebra generated by Span(Im(7£o))- 
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Theorem 37. Suppose our principal bundle is O x K — > O, where O C R 3 is 
open and bounded. Suppose g £ hie(Gcon) and is C°°. Then g 6 T . 

Proof. Let ff S Lie^ 1 ) n C°°. Recall our linear map T : C 00 ^,*) -> 
C°°(<90,«) by 

T (/) = d(A/)(i/)+2rA/. 

Set it := To(g). By Lemma 1361 there exists a smooth function f £ T such that 
To(/) = u. Since To is linear, we have that To(g — /) = 0. By Lemma |33l we 
know that g — f £ Span(Im(7£o)) C T . Hence, g = f + (g — /) S J 7 , as we 
desired. □ 

The above theorem gives us our main result. 

Corollary 38. Suppose our principal bundle is O x K — > O , where O C Mr 
is open and bounded, and suppose V ' a = Vo- TTie holonomy group Ti^ on o(Vo) 
with base point Wo of the Coulomb connection of the associated bundle C^ on A — > 
Ccon A /Gcon * s dense in the connected component of the identity of Gcmi ■ 

Before we prove this corollary, we should mention what we mean by "holon- 
omy group." We define H^ „ (Vo) the the same way it would be definied in 
finite dimensions. That is g £ Ti^ on (Vo) if and only if Vo • 9 can be connected 
to Vo by a horizontal path in C* on A . It has been shown that with this def- 
inition, H-con.oC^o) is a Banach Lie group, and the restricted holonomy group 
(^con o)°(^o) is also a Banach Lie group (for the statement of this theorem, see 

EE)'.' 

Proof. This follows directly from Lemma 7.6 and Proposition 7.7 in ^H)- Specif- 
ically, Lemma 7.6 and the beginning of the proof of Proposition 7.7 of 16 imply 
that every element of T is the tangent vector to a curve in ^K k con )°(Vo). Then 
Proposition 7.7 of ^Bj tells us that (Hc 0n )°(Vo) is dense in the connected 
component of Gcon since T is dense in Lie(^ ( + 1 ), completing the proof. □ 
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